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ABSTRACT

The windowed Fourier transform and its sampled version — the
Gabor transform —areintroduced. With the help of Gabor’ssig-
nal expansion, an inter polation function isderived with which the
windowed Fourier transform can be constructed from the Gabor
transform. Using the Zak transform, it is shown that — at least
in the case of integer oversampling — the Gabor transform can
be represented in product form. Based on this product form, a
coherent-optical system is presented with which the Gabor trans-
form can be generated on arectangular latticein theoutput plane
of the optical system. It is shown how the function in the output
planeisrelated to the Gabor transform, and under what condi-
tionsthis function resemblesthe windowed Fourier transform.

1 INTRODUCTION

Inrecent yearsthere hasbeenagrowing interest in time-frequency and
time-scale representations of signals. In this paper we will consider
the windowed Fourier transform (or short-time Fourier transform, or
sliding-window spectrum) and its sampled version, the Gabor trans-
form, which are both representations of a signal in acombined time-
frequency domain.

The windowed Fourier transform S, (t, w) of a signal ¢(t) is de-
fined as

S,(t. o) = /(p(r)w*(t _ e lotge, 0

where w(t) is the window function. (Unless otherwise indicated, all
integrations and summations in this paper extend from —oo to +00.)
The windowed Fourier transform can be considered as the Fourier
transform of the product of the signal ¢(t) and a shifted and complex
conjugated version of the window function w(t). The window func-
tion may be chosen rather arbitrarily; mostly it will be afunction that
is more or less concentrated around the origin. In this paper we will
throughout use the Gaussian window function

wit) = 247X/ T)? )

asan example.

We can, of course, reconstruct the signal from itswindowed Fourier
transform by an inverse Fourier transformation. A different and more
interesting way to reconstruct the signal, however, is by means of the
inversionformula

w(t)/lw(t)lzdt: %f[ St owE — el ®Tdidw;  (3)

this relationship can easily be proved by substituting from the defi-
nition (1) of the windowed Fourier transform. However, in order to
reconstruct the signal we need not know the entire windowed Fourier
transform; it sufficesto know its values at the points of the rectangu-
lar lattice (t = ma T, w = kBQ) inthe time-frequency domain, where
QT =27 andaf < 1, andwheremand k take all integer values (see,

for instance[2]). Note that the rectangular cells of this lattice occupy
an areaof 2« in the time-frequency domain. With

A = S,maT kgD = [ oyt~ mare” P Mar, @)

we can reconstruct the signal ¢(t) by considering the sample values
ank as the coefficientsin Gabor’ssignal expansion[2, 6]:

p® =33 amcg(t — maT)el KB, ®)
m k

The relationship (4) is known as the Gabor transform.

Inthe caseof critical sampling (i.e., o8 = 1), the synthesiswindow
g(t) that arisesin Gabor’ssignal expansion (5) isuniquely determined
by the analysis window w(t) (see, for instance, [2]). In the case of
oversampling (i.e., a8 < 1), the synthesiswindow is not unique any-
more; very often we choose g(t) such that it has minimum L, norm.
In that case, the synthesiswindow g(t) resemblesbest (in aminimum
L, norm sense, again) the analysiswindow w(t). In the case of infi-
nite oversampling («T | 0, 82 | 0), Gabor's signal expansion (5)
thus becomes equivalent to the inversion formula (3), where the syn-
thesiswindow is indeed proportional to the analysiswindow. Several
waysare describedin the literature to determinethe synthesiswindow
(see, for instance, [3, 5, 12]).

In this paper we will show how the windowed Fourier transform
can be constructed asan interpolation of the Gabor transform. We will
determineaninterpolation kernel, which—likethe synthesiswindow —
isuniquein the caseof critical samplingand whichisnolonger unique
in the case of oversampling.

We will represent the Gabor transform as a product of so-called
Zak transforms; such a product form is possible in the case of inte-
ger oversampling. The product form enables a determination of the
Gabor transform viaa procedurethat is similar to the fast convolution,
well-known in digital signal processing.

The product form also suggestsa coherent-optical generation of the
Gabor transform, since the basic mathematical operations — Fourier
transformation and multiplication — are perfectly suited to be per-
formed by optical means. We will show that the Gabor transform ap-
pears on arectangular lattice in the output plane of the optical system.

We will also show how the function that appearsin the optical out-
put plane is related to the Gabor transform. Since the optical inter-
polation kernel is not a proper interpolation kernel, this output func-
tion will not be identical to the windowed Fourier transform. Finally,
we will show under what conditions the windowed Fourier transform
doesappear in the output plane, by reconsidering the relation between
the windowed Fourier transform and the Gabor transform.

2 WINDOWED FOURIER TRANSFORM AS AN INTERPO-
LATION OF THE GABOR TRANSFORM

Since the signal can be represented by its Gabor expansion, we can
easily derive an interpolation procedure for the windowed Fourier



transform. We start with the windowed Fourier transform (1), sub-
stitute from Gabor’s signal expansion (5), and after some straightfor-
ward manipulation we get

Sto) =Y awSt —maT, o — kgeye | (@~ kKSDMaT,
m Kk
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The latter relationship can be considered as an interpolation formula
for thewindowed Fourier transform in terms of the Gabor coefficients
ank, Where the interpolation kernel is in fact the windowed Fourier
transform S;(t, w) of the synthesiswindow g(t). Since the synthesis
window is not unique in the case of oversampling, the same remark
appliesto the interpolation kernel.

We might look for the interpolation kernel that has minimum L,
norm. If wesubstitute from the definition (1) of thewindowed Fourier
transform, it is easy to show that the L, norm reads

o [[ 18t ordtdo = [1gord: [word @

We concludethat the minimum L, norm of Sy(t, w) is reached when
the synthesiswindow g(t) has minimum L, norm itself.

Inthe special casea = B = 1 (Gabor’'scaseof critical sampling [2,
6]) it hasbeen shown[7] that theinterpolation kernel that arisesin the
case of the Gaussian window (2) can be expressed in the symmetrical
form
0(2Kos) —ix|z)?
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whereo (2) represents Weierstrass' sigmafunction[9], wherethe con-
1

stant Ko = 277 2[(3)]? = 1.85407468 is the complete elliptic

integral for the modulus %\/i (see, for instance, [9], Section 22.8,

The lemniscate functions), and where, for convenience, we have in-
troduced the short-hand notation
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The interpolation function has been depicted in Fig. 1a. We remark
that in this case of critical sampling, the interpolation kernel has the
property S;(mT, k2) = 8mdk, Where 8, represents the Kronecker
delta; this property isin accordancewith the fact that the two window
functions should be biorthogonal [2].

In the limiting case «8 | O (infinite oversampling) the optimum
synthesiswindow gy (t) —i.€., the one with minimum L, norm —be-
comes proportional to theanalysiswindow w(t), Tgop (1) = afw(t),
and it is not difficult to show that the interpolation kernel that arises
in the case of the Gaussian window (2) then takesthe form

H 1 2
St w) el 29 = gp 727K, (10)
The interpolation function has been depicted in Fig. 1b.

3 GABOR TRANSFORM ASA PRODUCT OF ZAK TRANS-
FORMS

It iswell known that a correlation and a convolution can be brought
into product form by means of the Fourier transform. We now try to
bring the Gabor transform (4) in aproduct form, aswell. Wetherefore
introduce the Fourier transform a(¢, ) of the two-dimensional array
ank through the definition

aE.m =Y ane 12T —ko), 11)
m  k

If we substitute from the Gabor transform (4) and restrict ourselvesto
the case of integer oversampling (i.e,, 1/8 = ap, with p a positive
integer), the Fourier transform can be written as

aE,n) =apT Z 0(EapT + kapT)e~1K@PTIN(R/a)
k
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Fig. 1. The interpolation function Sy(t, ) that corresponds to a
Gaussian window function w(t) = 2Y4exp[—n(t/T)?], in the case
of (a) critical samplingae = B = 1, and (b) infinite oversampling
ap | 0.

x [Z w(EapT + [pk — mlaT)e™ ) (PK— m)“Tﬂ(Q/a)} _
In the right-hand side of the latter relationship, we recognize the

expression
Glt.wir) =) gt +mme Mo (12)

for p(t) [witht = £apT, w = n(/a), and t = apT], and asimilar
expression w(t, w; t) for w(t) [witht = &apT, © = n(2/«), and
7 = oT]. The expression (12) is known as the Zak transform [7, 8,
10, 11]. Interms of Zak transforms, the Fourier transform a(¢, n) can
thus be expressed as

_ - Q N Q
a¢,n) =apTg (SapT, N OtpT) w* (SapT, N ozT) ., (13)

which is the product form of the Gabor transform that we are looking
for.

Weremark that aFourier transformlikea(g, ) [seeEq. (11)] ispe-
riodic in the time variable ¢ and the frequency variable n with period
1: a¢ +m,n+ k) = a(, n); hence, in considering such a Fourier
transform we can restrict ourselvesto the fundamental Fourier inter-
val (-3 <& < 1, -1 <n < 1). Weremark further that a Zak
transform like ¢(t, w; t) [see Eq. (12)] is periodic in the frequency
variable w with period 277/t and quasi-periodic in thetime variablet
with quasi-period :

2 i
¢<t+mr,w+k7;r> =¢(t, w; 1)e) M7, (14
hence, in considering aZak transform we can restrict ourselvesto the
fundamental Zakinterval (-3t <t < 17, -7/t < < /7).

The Zak transform ¢(t, w; t) can also be expressed in terms of the
Fourier transform ¢ (w) of ¢(t), defined by

§(w) = f p(me 1ot (15)
and then takes the form

o, w;T) = elot Z(Z) (w + k2—n> elk@r/ot (16)
- T

From the latter relation we conclude that for a signal that is band-
limited to the frequency interval — /1 < @ < m/7, the Zak trans-
form takesthe form (in this fundamental frequency interval)

w6t ;1) = el (). 17



In Fig. 2 we have depicted the Zak transform w(t, w; ) of the
Gaussian window (2) for severa values of the parameter t = aT.
Note that for small values of ¢ the sampling frequency 2r /7 is suffi-
ciently high and the above-mentioned property (17) holds.
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Fig. 2: ThezZaktransformw (t, w; «T) that correspondsto aGaussian
window function w(t) = 2Y4exp[—n (t/ T)?], for different values of
a:(@a=2,(b)a=1and(d) e =1/3.

If we consider in Eq. (13) the domains of the functions
@EapT, nQ/a; apT) and w(EapT, n2/a; aT), the Fourier trans-
form a(&, n) appears only once in the fundamental Fourier interval,
the Zak transforms ¢ (§apT, nQ/a; apT) and w (EapT, nQ2/a; aT)
appear p-fold: ¢(EapT, nQ2/a; apT) as p identical horizontal stripes
with height 1/p and width 1, and w(£apT, nQ2/a; oT) as p verti-
cal stripes with width 1/ p and height 1, which stripes are identical to
each other apart from thefactor exp(j 2z mn) [cf. the quasi-periodicity
property (14) of the Zak transform].

Notethat the product form (13) of the Gabor transform (4) enables
usto determine this transform in a different way:

o we first determine the Zak transforms @(éapT, nQ2/a; apT)
and W(&apT, nQ/a; aT) of the signal ¢(t) and the window
function w(t), respectively, by meansof definition (12);

o wethenfindthe Fourier transform a(¢, n) by meansof the prod-
uct rule (13);

o we finally determine the Gabor transform ayy via an inverse
Fourier transformation.

This way of determining the Gabor transform resembles the way
of calculating correlations and convolutions via the Fourier domain.
Since the Zak transform is essentially a Fourier transformation, fast
algorithms can be used when we are dealing with discrete-time sig-
nals, and the algorithm described above then resembles the fast con-
volution, well-known in digital signal processing [3].

4 COHERENT-OPTICAL GENERATION OF THE GABOR
TRANSFORM VIA THE ZAK TRANSFORM

The product form of the Gabor transform suggestsa generation of this
transform by coherent-optical means [1]. Apart from being able to
realize ideal imaging, coherent optics is well suited for two specific
signal operations, viz. multiplication by a constant function (likein a
slide projector, for instance) and Fourier transformation (between the
back and the front focal plane of alens, for instance). Thesetwo oper-
ations are exactly the onesthat are needed for generation of the Gabor
transform.

L et aplanewaveof monochromaticlaser light be normally incident
upon a transparency situated in the input plane of a coherent-optical
system. Thetransparency containsthesignal ¢(t) in arastered format.
With X being the width of this raster and pu X (with © > 0) being
the spacing between theraster lines, thelight amplitude ¢; (x;, y;) just
behind the transparency reads

i i X
0 (%, Yi) = rect(xy) Zw (X t(n OlpT) 8(yi —npuX). (18)

An anamorphic optical system between the input plane and an in-
termediate plane performs a Fourier transformation in the y-direction

and an ideal imaging (possibly with inversion) in the x-direction.
Such ananamorphic system can berealized, for instance, using acom-
bination of aspherical and a cylindrical lens. The anamorphic opera-
tion results in the light amplitude

p1(X, y) = // @i (%, yi)e_j ViYYis(x — x)dxdy;

X X Q
= rect(Y)qB (WpT, %;;apT) (19)
just in front of the intermediate plane. The parameter y; containsthe
effect of the wave length A of the laser light and the focal length f;
of the spherical and the cylindrical lens: y; = 2x/f;; moreover, the
vertical distanceY is defined through y, u XY = 27.
A transparency with amplitude transmittance

m(x, y) = rect(%) rect(%) apT o* (%apT, %%; otT) (20

issituated in theintermediate plane. Just behind thistransparency, the
light amplitude takes the form

X YN=(X Y

pa(x. y) = MOx, Yga(x. y) = rect (5 ) rect (57) & (57
where use has been made of the product form (13). Note that the
aperture rect(x/ X)rect(y/Y) contains one period of the periodic
Fourier transforma(x/ X, y/Y), p horizontal periodsof the (periodic)
Zak transform @[(x/ X)apT, (Y/Y)(2/a); apT], and p vertica
quasi-periods of the (quasi-periodic) Zak transform w*[(x/ X)apT,
¥/ Y)(Q/a); aT].

Finally, atwo-dimensional Fourier transformation is performed be-
tween the intermediate plane and the output plane. Such a Fourier
transformation can be realized, for instance, using a spherical lens.
The light amplitude in the output plane then takesthe form

Po(Xo, Yo) = x_lv [[ @a(x, yye 170X = YoY) dxdy
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wherethesinc-function sinc(z) = sin(sr2)/(x 2) hasbeenintroduced;
the parameter y,, again, containsthe effects of thewavelength A of the
laser light and the focal length f, of the spherical lens: y, = 27 /Af,.
We concludethat the Gabor transform appearson arectangular lattice
of points
Vi Vi
A = o (I v.m P 23
Yo Yo
in the output plane. Note that relationship (22) represents the output
signal as an interpolated version of the Gabor transform, where the
interpolation kernel consists of two sinc-functions, in accord with the
rectangular aperturein the intermediate (Fourier) plane.
To compare the function ¢, (X, Yo) With the interpolation formula
(6), wewrite Eq. (22) in the form
t w
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We remark that this relationship — which represents in fact a band-
limited interpolation — can never have the form of the exact interpo-
lation formula (6). However, if the degree of oversampling p is suffi-

ciently high, ¢ (X,, Yo) forms a good approximation of the windowed
Fourier transform, aswe will show in the next section.




Thetechniquedescribedin this section to generatethe Gabor trans-
form (and the windowed Fourier transform), fully utilizes the two-
dimensional nature of the optical system, its parallel processing fea-
tures, and the large space-bandwidth product possible in optical pro-
cessing. The technique exhibits a resemblance to folded spectrum
techniques, where space-bandwidth products in the order of 300 000
are reported [4].

5 INTERPOLATION OF THE GABOR TRANSFORM RE-
VISITED

It is elucidating to consider the windowed Fourier transform S, (t, o)
as a two-dimensional function, and determine its two-dimensional
Fourier transform S, (t, w), defined by

St w) = %f[ S, eI @' =0 Vgrgy (25

If we substitute from Eq. (1), it is easy to show that the Fourier trans-
form can be expressed as

St o) = o) (e 1L, (26)

Since the Gabor transform ay is a sampled version of the win-
dowed Fourier transform S, (t, w), it isworthwhileto comparea(é, n)
[the Fourier transform of the two-dimensional array an, seeEq. (11)]
with Sp(t, w) [the Fourier transform of the windowed Fourier trans-
form S,(t, w), see Eq. (25)]. Note that afactor 1/p = «p will arise
from the merefact that a = S,(ma'T, kB2) isasampled version of
S,(t, w), and that this factor automatically arises as the proportional -
ity factor between the Fourier transforms a(¢, ) and S,(t, ).

We start with the Gabor transform in product form [cf. Eq. (13)],

1 T
-a (ét %w) =aT§ (t, ; E) B w;aT),  (27)
andtry to bring this expression into aform that is comparablewith Eq.
(26); in particular wewant to know if the expression (27) may be con-
fined to the fundamental Fourier interval. If w(t) isband-limited, and
if o T has been chosen sufficiently small in order to have the property
[cf. Eq. (17)] )
aTw(t, ; aT) = w(w)el

the right-hand side of Eq. (27) takesthe form
T .
@ (t, ; E) b (w)e It (28)

which expression shows already some resemblanceto the right-hand
side of Eq. (26). Note that indeed no aliasing will occur if w(w) van-
ishes outside the interval —n/aT < o < n/aT, in which case
we can restrict ourselves to one w-period of the periodic function
apt/T, aw/2)/p.

We now substitute into the expression (28) from the alternate defi-
nition (16) for the Zak transform ¢(t, w; T/B) and get

B_. _ kgt
s (w)ijw(w+kﬁsz)eJ Bt (29)

To see whether the summation over k in the latter expression has the
sameeffect asthefactor ¢ (t) exp(— j wt) that appearsin theright-hand
side of Eq. (26), we apply a Fourier transformation to the expression
(29) with respect to t over the finite time interval —%T/ﬁ <t <
%T /B, thustaking into account only onet-period of the periodic func-
tiona(Bt/ T, aw/ Q)/p:

1
B, 2P~ jkgat | —jow't
= (w)/_%w zk:q)(w+kﬁs2)e e dt.

If we rearrange factors and evaluate the integral over t, we get
. ' — kBQ
(@)Y P+ kﬁQ)snc(u) (30)
X B
The latter expression should now be compared with the Fourier trans-
form of the right-hand side of Eq. (26) with respect to t, which reads
W (@)g(w + o');

in particular, we should compare the summation over k that appears

in expression (30) with ¢(w + ). Now, if B is sufficiently small,
the summation can be considered as an approximation of the integral

f 5(w -+ woyine [ L =20) G
p(w Wo ﬂQ ﬂQ
and when the compressed sinc-function can be considered as an ap-
proximation of a Dirac function, we get the final result

/ @(w + wo)8(0 — wo)dwo = ¢(w + ).

We aready concluded that for a sufficiently small value of o« we
were allowed to restrict ourselvesto thefrequency interval —z/aT <
o < 7/aT. From the previous paragraph we also concludethat for a
sufficiently small value of 8 we can restrict ourselvesto the timein-
terval —1T/B <t < 1T/B. Theseintervals form exactly the funda-
mental Fourier interval that we consider in the intermediate (Fourier)
plane in the coherent-optical arrangement described in the previous
section. We therefore conclude that the signal in the output plane of
the optical system is a good approximation of the windowed Fourier
transform, even if the interpolation is not in accord with the exact in-
terpolation formula (6).
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