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Shift, scaling, derivation etc. theorems, well known for the Fourier transform, are generalized to the
case of two-dimensional astigmatic canonical integral transforms used for the description of first-order
optical systems.

Summary
The canonical integral transform (CT) describes – in the paraxial approximation of the scalar
diffraction theory – the evolution of the complex field amplitude f(r) during its propagation through
a first-order optical system. The CT kernel is parameterized by the well-known symplectic ray trans-
formation matrix T, which relates the position ri and direction qi of an incoming ray to the position
ro and direction qo of the outgoing ray:[

ro

qo

]
=

[
A B
C D

] [
ri

qi

]
= T

[
ri

qi

]
. (1)

In the often used case detB 6= 0, the CT has the form of Collins integral1

fo(ro) = RT [fi(ri) ] (ro)

=
1√

det iB

∫
fi(ri) exp

[
iπ

(
rt

iB
−1Ari − 2rt

iB
−1ro + rt

oDB−1ro

)]
dri, (2)

where r = (x, y)t denote spatial dimensionless variables and q = (qx, qy)t are their conjugates: the
spatial-frequency (or direction) variables. As usual, the superscript t denotes transposition. A simple
expression can also be written in the case B = 0:

fo(ro) =
1√

detA
exp

[
iπ

(
rt

oCA−1ro

)]
fi(A−1ro). (3)

For the general singular case detB = 0, the CT can be represented by a separable fractional Fourier
transform embedded in two rotator operations.2 Since the ray transformation matrix T is symplectic,[

A B
C D

]−1

=
[

Dt −Bt

−Ct At

]
and thus

ABt = BAt, CDt = DCt, ADt −BCt = I,

AtC = CtA, BtD = DtB, AtD−CtB = I,
(4)

it has only 10 free parameters in the two-dimensional case that we consider here.

Canonical integral transforms are playing a crucial role in optical analogue information processing.
They are responsible for the affine transformation in phase space. Moreover, linear combinations of
CTs and cascades of CTs with intermediate multiplicative displays, which can be realized by Spatial
Light Modulators or holograms, permit to create a variety of other useful transforms such as the
(fractional) Hilbert transform, the Wavelet transform, etc.3 To simplify the application of CTs for
optical signal processing system design, it is important to know the properties of the CT, which are
summarized below.

The evolution of the angular spectrum – i.e., the Fourier transform of the complex field amplitude –
under the CT can be understood from the following scheme

fi(ri)
⇒
⇐

T
T−1

⇒
⇐ fo(ro)

⇓ FT ⇓ FT

Fi(qi)
⇒
⇐

(T−1)t

Tt
⇒
⇐ Fo(qo)

, (5)



where the Fourier transform F (q) of f(r) is defined as

F (q) =
∫

f(r) exp(−i2πqtr) dr. (6)

In general, the CTs produce affine transformations in phase space, which include scaling, rotation,
and shearing in the different planes, etc.4 Thus the separable fractional Fourier transform described
by the matrices

A = D =
[
cos θx 0

0 cos θy

]
, B = −C =

[
sin θx 0

0 sin θy

]
, (7)

is responsible for rotations in the (x, qx) and (y, qy) planes through the angles θx and θy respectively,
while the rotator operation with

A = D =
[

cos α sinα
− sinα cos α

]
, B = C = 0, (8)

produces a rotation of the image and its Fourier transform (the angular spectrum) through an angle α.
A gyrator operation with

A = D =
[
cos ϑ 0

0 cos ϑ

]
, B = −C =

[
0 sinϑ

sinϑ 0

]
, (9)

corresponds to twisting – rotations in the (x, qy) and (y, qx) planes.

The system with

A =
[
1 u
0 1

]
, D =

[
1 0
−u 1

]
, B = C = 0, (10)

is related to shearing operations in the (x, y) and (qx, qy) planes, while the Fresnel and lens transforms
correspond to shearing in the (x, qx) and (y, qy) planes.5

The application of the CT for optical information processing requires the formulation of theorems
for shift, scaling, etc., well known in the case of the Fourier transform. A shift of the input field with
respect to the optical axis by a vector v, fi(ri) ⇒ fi(ri − v), leads to a shift of the output signal by
the vector Av and to an additional quadratic phase factor; in detail we have

fo(ro) = RT[fi(ri − v)](ro) = exp[iπ(2ro −Av)tCv]RT[fi(ri)](ro −Av), (11)

where we have used the symplecticity conditions (4) and the fact that vtZq = qtZtv. The shift
theorem (11) implies that the intensity distribution does not change due to a displacement by v, but
is merely shifted by Av: ∣∣RT[fi(ri − v)](ro)

∣∣ =
∣∣RT[fi(ri)](ro −Av)

∣∣ . (12)

In the case B = 0 we have

fo(ro) = RT[fi(ri − v)](ro) =
1√

detA
exp

[
iπ

(
rt

oCA−1ro

)]
fi(A−1ro − v). (13)

Using the shift theorem, the CT of the convolution operation can be written in the form

RT

[∫
f(ri − v) h(v) dv

]
(ro) =

∫
exp[iπ(2ro −Av)tCv]FT(ro −Av)h(v) dv, (14)

where FT(ro) = RT[f(ri)](ro). In the case A = 0, and therefore Ct = −B−1, we get

RT

[∫
f(ri − v) h(v) dv

]
(ro) =

√
det iB exp(−iπrt

oDB−1ro) FT (ro) HT (ro), (15)

which reduces to the well-known product
√

det iBFT (ro) HT (ro) when also D = 0, i.e., in the case of
a Fourier transformation with scaling and rotation (determined by B).



The T-parameterized CT of the scaled function
√

detW fi(Wri), RT[
√

detW fi(Wri)](ro), leads
to the CT of fi(ri), parameterized by the matrix

T
[
W−1 0

0 Wt

]
. (16)

The gradient of the CT can be written as

∇fo(ro) ≡
[

∂/∂xo

∂/∂yo

]
fo(ro) = fo(ro)(iπ∇rt

oDB−1ro) + RT
[
fi(ri)(−i2π∇rt

iB
−1ro)

]
(ro)

= iπfo(ro) [DB−1 + (DB−1)t] ro − i2π(B−1)tRT [fi(ri) ri] (ro)
= i2π(B−1)t

{
fo(ro)Dtro −RT [fi(ri) ri] (ro)

}
, (17)

where we have used the symplecticity condition BtD = DtB.

For a limited number of functions, an analytical expression of the CT can be found. Among them
we mention the signal fi(ri) = exp

(
2
√

2πstKiri − πrt
iLiri

)
, which reduces to a Gaussian beam for

Ki = 0, and to a plane wave for Li = 0 and Ki imaginary. The CT of this signal is given by6

fo(ro) = RT [fi(ri)](ro) = (det (A + iBLi))−1/2 exp
(
−stMos + 2

√
2πstKoro − πrt

oLoro

)
, (18)

where

Ko = Ki (A + iBLi)
−1

, (19)

iLo = (C + iDLi) (A + iBLi)
−1

, (20)

Mo = −2iKi (A + iBLi)
−1 BKt

i. (21)

In particular for Ki = 0 we have

fo(ro) = RT [exp
(
−πrt

iLiri

)
](ro) = (det (A + iBLi))−1/2 exp

(
−πrt

oLoro

)
, (22)

and for Li = 0

fo(ro) = RT [exp
(
2
√

2πstKiri

)
](ro)

= (detA)−1/2 exp
(
2istKiA−1BKt

is + 2
√

2πstKiA−1ro + iπrt
oCA−1ro

)
. (23)

The discussed properties of the canonical integral transform are useful for its application in optical
information processing.
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