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The structure and main properties of coherent and partially coherent optical fields that are self-reproducible under propagation
through a first-order optical system are investigated. A phase space description of self-imaging in first-order optical systems is
presented.

1 INTRODUCTION

In spite of the fact that self-imaging phenomena of periodic
wavefronts during Fresnel diffraction have attracted much in-
terest in the optical community [1] due to their applications
for the development of optical devices like Talbot array illu-
minators [2], binary logic operators [3], etc., the analogical
effects in other first-order optical systems are still not well-
investigated.

The self-imaging phenomenon in first-order optical sys-
tems usually refers to the fact that an input complex field
amplitude is an eigenfunction of the canonical operator de-
scribing the given system [4]. In particular, functions that
are self-reproducible under propagation through a Fourier
transforming system were considered in [5, 6, 7, 8, 9, 10].
The properties and the generation procedure of eigenfunc-
tions for fractional Fourier transform systems are presented in
[11, 12, 13, 14]. The approach is useful for coherent optics,
but does not work for partially coherent fields that are self-
reproducible in a statistical sense under propagation through
a first-order system. In order to describe self-imaging of par-
tially coherent fields as well, we propose to apply the formal-
ism of the Wigner distribution function [15, 16]. In this paper
we discuss the structure and the main properties of coherent
fields that are self-reproducible during propagation through
different first-order optical systems. We also present a phase-
space description of the self-imaging phenomenon in first-
order systems, which can be applied for coherent as well as
for partially coherent optical fields.

2 FIRST-ORDER OPTICAL SYSTEMS

The evolution of the complex field amplitude f (x) during
propagation through first-order optical systems [17] is de-
scribed in the paraxial approximation of the scalar diffraction
theory through the canonical integral transform, also known

as the generalized Fresnel transform (GFT) [4, 18, 19, 20, 21]
of the input field amplitude fi(x)

fo(u) = RM [ fi(x)
]
(u) =

∫ ∞
−∞

fi(x)KM (x,u)dx, (1)

with the kernel

KM (x,u) =


1√
iB

exp
(

iπ Ax2+Du2−2xu
B

)
B 6= 0

1√
A

exp
(

iπCx2

A

)
δ (x− u/A) , B = 0

(2)
parametrized by a real 2x2 matrix

M =
(

A B
C D

)
(3)

of which the determinant equals 1. For the sake of simplic-
ity we will consider the one-dimensional case. The parame-
ters A, B,C, D are real and depend on the concrete first-order
system and the wavelength.

In particular the matrix

MZ =
(

1 Z
0 1

)
(4)

describes Fresnel diffraction, where Z is the normalized dis-
tance from the input plane.

The GFT parametrized by the matrix

Mα =
(

cosα sinα
− sinα cosα

)
(5)

corresponds, except for a factor exp(iα/2), to the fractional
Fourier transform (FT) [22, 23]. If α or α + π is a multiple



of 2π, the kernel Kα(x,u) reduces to δ(x− u) or δ(x+ u) re-
spectively. Thus, the fractional FT at an angle 2πn (with n an
integer) corresponds to the identityoperator. For α=π/2, re-
lationship (1) represents the ordinary Fourier transform. The
fractional FT is optically realized during the field propaga-
tion througha quadratic refractive index medium (lens, fibers,
spherical mirrors, etc.) [24, 25]. We call such an optical sys-
tem a fractional FT system.

The main properties of the canonical integral transform
have been considered in [18, 19, 20, 21]. Here we mention
only some of them that are related to the further considera-
tions.

The energy preserving property of the GFT, or Parseval’s
relation, is formulated in the form∫

| f (x)|2 dx =
∫ ∣∣RM [ f (u)

]
(x)
∣∣2 dx, (6)

which corresponds to the description of lossless first-order
systems.

The additivity property of the canonical integral transform
is written as

RM1 RM2 = RM3 , (7)

where M3 = M2 × M1. Then the complex field amplitude at
the output plane of the cascade of k identical first-order sys-
tems, each of which described by the same transfer matrix M,
can be represented as the GFT for a matrix Mk of the input
complex field amplitude. The connection between the param-
eters of the transfer matrix M and its power Mk was consid-
ered in [26]. It was shown that

Mk = ξk M−µk I, (8)
µk = λ1λ2ξk−1,

ξk = λk−1
1 + λk−2

1 λ2 + ... + λ1λ
k−2
2 + λk−1

2 ,

where λ1 and λ2 are the eigenvalues of the matrix M.
Note also that if the evolution of a complex field amplitude

is described by the GFT RM parametrized by a matrix M [cf.
Eq. (3)], then the transformation of its Fourier spectrum is
defined by the GFT RM̃ , where

M̃ =
(

D −C
B A

)
. (9)

3 SELF-IMAGING UNDER COHERENT ILLUMINA-
TION

The self-imaging phenomenon of coherent fields in a first-
order optical system is described in the framework of the
eigenfunctions of the GFT. An input complex field amplitude
fi(x) is an eigenfunction fM (x) of the canonical operator RM

corresponding to the given optical system if

RM
[

fM(x)
]
(u) = a fM (u), (10)

where a = exp(i2πϕ) is a complex constant factor [4]. As
follows from Parseval’s relation for the canonical transform
(6) of the field amplitude with finite energy

∫ | f (x)|2 dx <
∞: |a| = 1 and thereforeϕ is real. Note that for infinite wave-
fronts ϕ can be complex.

It is easy to see from (7) and (10) that the eigenfunction
fM (x) for the canonical integral operator parametrized by a
matrix M with eigenvalue a, is also an eigenfunction with
eigenvalue ak for the GFT parametrized by the matrix Mk,
where k is an integer.

From the linearity of the GFT and from the definition (10) it
follows that a sum of eigenfunctions for a given GFT operator
RM with identical eigenvalues a is also an eigenfunction for
RM with the same eigenvalues a. Thus if fM(x) is an eigen-
function for RM with eigenvalue a, then its complex conju-
gate f ∗M (x) is also an eigenfunction for RM with the same
eigenvalue a.

3.1 Talbot effect

It is well-known that periodic wave fronts with lateral normal-
ized period d are self-reproducible under Fresnel diffraction
(Talbot effect) at distances Zn = 2nd2. This means that pe-
riodic functions are eigenfunctions for the Fresnel transform
with eigenvalue a = 1 described by matrix (4).

In order to construct the eigenfunctions for the Fresnel
transform in the general case, let us consider the transforma-
tion of the Fourier spectrum of the complex field amplitude
under Fresnel diffraction. As follows from (9) and (10), the
Fourier transform of the complex field amplitude changes un-
der Fresnel diffraction as

RM̃ [Fπ/2(x)] (u) = aFπ/2 (u) (11)

= exp
(
iπZu2) Fπ/2(u),

where Fπ/2(x) = Rπ/2
[

fM (y)
]
(x) and

M̃ =
(

1 0
Z 1

)
, (12)

and M corresponds to (4). Then the spectrum of the field am-
plitude is discrete, and equals zero except for the points uk

where exp
(
iπZu2

k

) = a. It is easy to see that the spectrum of
the eigenfunction of the Fresnel transform for a distance Z,
contains only the spatial frequencies uk for which

u2
k = 2(ϕ+ k)/Z. (13)

Such fields correspond to the almost periodic ones. In par-
ticular, for a = 1 or (ϕ = 0) and an equidistant spectrum
1uk = 1/d, we arrive at periodic wavefronts.

3.2 Self-fractional Fourier functions

The structure and the properties of the complex field ampli-
tudes that are self-reproducible during propagation through
the fractional FT systems (so called self-fractional Fourier
functions fα(x), SFFFs), were discussed in [11, 12, 13, 14].
It is easy to see that any arbitrary function is a SFFF for α =
2πn, where n is an integer; a symmetric (even or odd) func-
tion is SFFF for α = πn. SFFFs for α = πn/2 cover, as a par-
ticular case, self-Fourier functions (SFFs) [5, 6, 7, 8, 9, 10].
A SFF is a function whose Fourier transform is identical to
the function itself, except for a (complex) constant factor.

It is well known from quantum mechanics (see, for exam-
ple, [22]) that the Hermite-Gauss functions9n(u)

9n(u) =
(√
π2nn!

)−1/2
exp(−u2/2)Hn(u), (14)



where Hn(u) are the Hermite polynomials, are SFFFs for any
angle α:

Rα [9n(u)] (x) = exp(−iαn)9n (x), (15)

with eigenvalue exp(−iαn).
If α/2π is rational, α = 2πN/M where N and M are rela-

tively prime integers and N < M, then a SFFF for any an-
gle α = 2πN/M is also one for the angle 2π/M and vice
versa [12]. It was found in [12] that there are only M dif-
ferent eigenvalues for the SFFFs for angle α = 2πN/M:
A = exp(−i2πL/M), where L = 1, ...M. A SFFF for angle
2π/M with eigenvalue A = exp(−i2πL/M), which we de-
note by f L

2π/M (u), can be represented by a sum of Hermite-
Gauss modes in the following way [13, 4]:

f L
2π/M (u) =

∞∑
m=0

gL+mM9L+mM (u). (16)

All SFFFs for angle 2π/M with eigenvalue A are also
SFFFs for angle 2πk/M with eigenvalue Ak . Then 2π/M-
SFFFs for M = 4p, where p is an integer, are SFFs; and all
2π/M-SFFFs for even M must be even or odd.

It has been proven [4] for the one-dimensional case that, if
α/2π is an irrational number, then the Hermite-Gauss func-
tions 9n(u) of different indices n have different eigenvalues
A = exp(−iαn) . It means that a sum of the Hermite-Gauss
functions of different n is not an eigenfunction of the frac-
tional FT operator Rα.

SFFFs for the same angle with different eigenvalues are
orthogonal. It has been shown in [11, 12, 13] that a SFFF
of order M can be constructed from any generator function
g(u) ∈ L2 by the procedure

f L
2π/M (u) = C

M∑
k=1

exp
(

i2πLk
M

)
R2π(k−1)/M [g(x)] (u),

(17)
where C is an arbitrary complex constant. The synthesis of
the SFFF from a generator g(u) has the physical meaning of
a mode selection. Thus the SFFF of order M and index L
contains only the modes L +mM of the generator function,
expanded in Hermite-Gauss functions, where m = 0,1, ....
For infinite M, this reduces to a single mode which is the L-
Hermite-Gauss function. In particular, for L = 0 we have that
integration of the fractional FT of any function g(u) from L2

on α results in the Gauss function

1
2π

∫ 2π

0
Rα [g(u)] (x)dα = g0 exp(−x2/2), (18)

where

g0 = π−1/4
∫ ∞
−∞

g(u)exp
(
−u2

2

)
du.

An optical configuration for the synthesis of SFFs from an
arbitrary image by using a Sagnac-type interferometer cou-
pled with a modified Mach-Zehnder interferometer, has been
proposed in [10]. A similar optical configuration can be used
for the optical synthesis of SFFF for different rational angles.

It has been proved in [13] that any function g(u) from L2

can be decomposed into a sum of M self-fractional Fourier
functions f L

2π/M (u) which are orthogonal to each other:

g(u) =
M−1∑
L=0

( ∞∑
m=0

gL+mM9L+mM (u)

)
=

M−1∑
L=0

f L
2π/M (u).

(19)
In particular, for M = 2 the sum (19) represents the well-
known decomposition into even (L = 0) and odd (L = 1)
functions, and for M = 4 it is the linear combination of four
self-Fourier functions [6]. In the limiting case M →∞ we
have the Hermite-Gauss expansion. Note that, because of
(19) and the property that a SFFF for α = 2π/M is also a
SFFF for kα, the fractional FT of g(u) at angle 2πk/M is
a linear combination of the SFFFs in (16) with some phase
shifts,

R2πk/M [g(u)] (x) =
M−1∑
L=0

f L
2π/M (u)exp

(−i2πkL
M

)
, (20)

where k = 0,1, ....

3.3 Self-generalized Fresnel transform functions

The structure of the eigenfunctions for the GFT has been con-
sidered in [4]. The authors have shown that the functions

8n(x) =
(√
π2nλn!

)−1/2
exp

(
− (1 + iβ)

2λ2
x2

)
Hn(x/λ),

(21)
are eigenfunctions for the GFT parametrized by the matrix (3)
with eigenvalue a = exp(−i(n + 1/2)θ), where

A = cos θ+ β sin θ
B = λ2 sinθ
C = −β2+1

λ2 sin θ
D = cos θ− β sin θ.

(22)

It is easy to see that cos θ = 1
2 (A + D) > 1 for A+ D > 2,

which implies that the parameter θ becomes complex: θ =
Re(θ) + iIm(θ); meanwhile Re(θ) = πk.

The set of functions {8n(x)} forms a complete orthonor-
mal set. Hence, a self-GFT function with eigenvalue a can be
represented as a superposition of certain 8n(x) modes with
the same eigenvalue a. In order to have the same a, the in-
dices {n} should satisfy the relationship

2π(N + ϕ) =−(n + 1/2)θ, (23)

where ϕ is a constant defining the eigenvalue of this eigen-
function and N is an integer. For a complex θ, Eq. (23) has
only one single solution n.

Let us consider the eigenfunctions for the GFT
parametrized by a matrix with parameters A = D = coshα
and B = C = sinhα. Since A = D, it follows from (22)
that β = 0 and B = −λ4C, which yields λ2 = i and θ = iα.
The set of orthonormal eigenfunctions (21) with eigenvalues
a = exp((n + 1/2)α) for this system can now be written as

8n(x) =
(√
π2n exp(iπ/4)n!

)−1/2

× exp
(

i
2

x2

)
Hn(x exp(−iπ/4)). (24)



Thus the chirp function 80(x) =
(√
π exp(iπ/4)

)−1/2

exp
(

i
2 x2
)

is self-reproducible under propagation through
this system. Note that the eigenvalues of the different
modes 8n(x) and 8m(x) for the same angle α are different.
This means that a superposition of these modes is not an
eigenfunction of the corresponding GFT.

Because the eigenfunction for the operator RM with eigen-
value a is also an eigenfunction for the operator RMk

with
eigenvalue ak = exp(−i(n + 1/2)θk) where k is an integer,
we can alternatively define the parameters of the power ma-
trix Mk (see Eqs (8)) using (22):

Ak = cos(θk) + A−D√
4−(A+D)2

sin(θk)

Bk = B sin(kθ)
sin θ

Ck = C sin(kθ)
sin θ

Dk = cos(θk) − A−D√
4−(A+D)2

sin(θk)

(25)

with cos θ = 1
2 (A + D). Thus for the fractional FT, deter-

mined by β = 0 and λ2 = 1, and hence A = D = cos θ,
B = −C = sinθ, we immediately have Ak = Dk = cos kθ,
and Bk = −Ck = sin kθ.

Unfortunately the application of the relationships (21) and
(22) for the constructions of the eigenfunctions in the limit
cases like Fresnel transform ( λ2 → ∞ and θ → 0) and
scaling transform (λ4 → 0 and β2 + 1 → 0) is problem-
atic. Moreover, although this approach of the description of
the self-imaging phenomenon in first-order optical systems is
useful for coherent optics, it does not work for partially co-
herent fields, which are self-reproducible in a statistical sense
under propagation through a first-order system.

4 PHASE-SPACE DESCRIPTION OF SELF-IMAGING

In order to describe self-imaging of partially coherent fields
as well, we will apply the formalism of the Wigner distribu-
tion function [15, 16]:

W f (x, k) =
∫ 〈

f (x + y/2) f∗ (x − y/2)
〉
exp(−2πiky)dy.

(26)
The brackets in the latter equation indicate an ensemble av-
erage over the set of realizations of the amplitude f (x) in the
case of partial coherence. The Wigner distribution belongs
to a class of bilinear distributions and gives a representation
of the complex field amplitude in a phase space. The inverse
transform allows to reconstruct the field amplitude (except for
a constant phase factor) for coherent fields,

f (x) = 1
f ∗(0)

∫
W f (x/2, k)exp(2πikx)dk, (27)

or to reconstruct the two-point correlation function G(x, y) =
〈 f (x+ y/2) f ∗(x − y/2)〉 for partial coherent ones,

G(x, y) =
∫

W f (x, k)exp(2πiky)dk. (28)

The canonical integral transform produces a linear trans-
formation of the Wigner distribution: W fo (x, k) = W fi (Dx−

Bk, Ak − Cx). The squared modulus of the GFT of fo(x)
corresponds to the projection of the Wigner distribution un-
der the related direction

| fo(u)|2 =
∣∣RM

[
fi(x)

]
(u)
∣∣2 = (29)

=
∫

W fi (Dx − Bk, Ak − Cx)dk.

Then self-imaging in a first-order optical system is described
in phase space by a Wigner distribution that is invariant under
the linear transformation

W fM (x, k) = W fM (Dx − Bk, Ak −Cx). (30)

This corresponds to the self-reproducibility of the correla-
tion function G(x, y) during the propagation through the first-
order system. From the additivity property of the canonical
integral transform it follows that the cascade of n identical
first-order optical systems defined by the matrix Mn = (M)n
(with n a positive integer) also reproduces the deterministic
or statistical eigenfield fM (x), and consequently W fM (x, k) =
W fM (Dn x− Bnk, An k− Cnx). The linear transformation in-
cludes a rotation, a shearing and a scaling.

The Wigner distribution of the eigenfields fα of the frac-
tional Fourier system for angle α (A = D = cosα, B =
−C = sinα) enjoys the rotational symmetry: W fα (x, k) =
W fα (x cos nα − k sin nα, k cos nα + x sin nα). In particular,
self-imaging in the Fourier transform system is observed for
an optical field characterized by a Wigner distribution that is
invariant under rotation by nπ/2 in phase space.

Self-imaging during Fresnel diffraction (A = D = 1, B =
Z, C = 0) is described by a Wigner distribution that is in-
variant under a shearing operation: W fZ (x, k) = W fZ (x −
Znk, k). The eigenfield of the scaling system (AD = 1, B =
C = 0) is represented in phase space by the Wigner distribu-
tion W fS (x, k) = W fS (A

−1x, Ak). Such fields are closely re-
lated to fractal structures, which are scale-invariant.

Let us consider an optical field whose Wigner distribution
has the Gaussian form

W f (x, k) = exp(−(px2 + qk2 + tkx)). (31)

Self-imaging of such a field in a first-order optical system de-
scribed by the matrix (3) is observed if the relationship (30)
holds. This produces the following system of equations (D2 − 1)p+C2q− DCt = 0

B2 p+ (A2 − 1)q− ABt = 0
DBp + ACq − BCt = 0.

(32)

For C 6= 0, the parameters p,q and t are connected with each
other as {

q = − B
C p

t = D−A
C p.

(33)

The Gaussian Wigner distribution that is invariant under a lin-
ear transformation described by the matrix (3) with C 6= 0,
can be written as

W f (x, k) = exp(−p(x2 − B
C

k2 + D− A
C

kx)). (34)

Thus for a fractional FT system, determined by A = D =
cosα and B =−C = sinα, we have q = p and t = 0. In this



case W fα (x, k) = exp(−p(x2 + k2 )) is invariant under rota-
tion at any angle. If C = 0, then p = 0 and q = AB

A2−1 t for
A 6= 1. The case C = 0 and A = 1 (and hence D = 1) corre-
sponds to the Fresnel transform; we then have p= t = 0, and
the Gaussian beam is δ-correlated.

5 CONCLUSION

Self-imaging phenomena of coherent and partially coherent
fields of different first-order systems have been considered.
We believe that further investigation of the self-imaging phe-
nomenon will allow to find new applications of first-order op-
tical systems in optical engineering.
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