Radon-Wigner transform for optical field analysis
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The Radon-Wigner transform, associated with the intensity distribution in the fractional Fourier transform system, is used for
the analysis of complex structures of coherent aswell as partially coherent optical fields. The application of the Radon-Wigner

transformto the analysis of fractal fieldsis presented.

1INTRODUCTION

The investigation of the local properties of an optica field
requires its representation in phase space. Recently optical
wavelet analysis has been used for the investigation of inho-
mogeneous fields [1, 2]. Mostly, one prefers to consider in-
tensity distributions, which can easily be measured in optics.
Unfortunately, scalograms (squared moduli of the wavelet
transform) are not invertiblein genera and so they do not con-
tain al information about afield.

A positive distribution of an optica field amplitude which
is invertible, is its Radon-Wigner transform (RWT). The
RWT of an optical field is the squared modulus of its frac-
tional Fourier transform (FT) and therefore correspondstothe
intensity distributionsat different planes of a first-order sys-
tem that provides an optical realization of the fractiona FT.
The RWT isused, in particular, for phase-space tomography
[3], viz., reconstruction of the Wigner distributionfunction of
anopticd field[4, 5] fromitsprojectionscorrespondingtothe
RWT. In this paper we consider the application of the RWT
inoptical signal anaysis.

2 FRACTIONAL FOURIER AND RADON-WIGNER
TRANSFORMS

It has been shown in [6] that the RWT isclosely related to the
fractional Fourier transform [7, 8]. The fractiona FT at an
angle o of acomplex field amplitude f (x) is defined as

R f] (w) =F(u, o) :f f (K (X, wdx, (1)
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It describes, except for a phase shift «/2, the evolution

of a complex field amplitude during propagation through a

quadratic refractiveindex medium inthe paraxial approxima-
tion of scalar diffraction theory.

The Radon-Wigner transform of f(x) is defined as the

squared modulus of its fractional FT, |R*[ f(x)] (u)|2 with
a € [0, 7], which we will call the a-power spectrum. The
RWT can beredlized in afractional FT system, whichusualy
contains athin lens as the quadratic refractive index element
[9, 10, 11]. This method requires measurements of only in-
tensity distributionsat different planes corresponding to var-
ious angles «. At the angle @ = 2, the RWT of a complex
field amplitude corresponds to its intensity distribution, and
at o = /2 toits Fourier (power) spectrum.

The RWT is dternatively defined as the projection of the
Wigner distribution

Wi (X, k) = f(f(x+ y/2) £ (x — y/2)) exp(—2riky)dy
(©)

upon the direction at an angle « in the phase space [6]

IR [F0] W] = IFu a)?= @
= [ 'Ws (ucosa — ksine, usina + kcosa)dk.

Note that the formalism of the RWT can be applied to co-
herent aswell as partially coherent fields. The bracketsin (3)
indicate an ensemble average over the set of redizations of
the amplitude f (x) inthe case of partia coherence. Thein-



verse Radon transform permitsto reconstruct the Wigner dis-

tribution from the set of projections|F (u, «)|? for « € [0, 7],
and then to find the field amplitude (except for a constant
phase factor) for coherent fields,

1
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f Wt (X/2, k) exp (2rikx)dKk, (5)

or to find the two-point correlation function G(x,y) =
(f(xX+y/2) f*(x — y/2)) for partidly coherent ones,

Gxy) = f Wt (X, K) exp (2riky)dk. (6)

Thisisthe basic idea of phase-space tomography [3].

Inthispaper weinvestigate how the RWT, which can easily
be measured in optics, can be used for the analysis of optical
fields.

3 RADON-WIGNER TRANSFORM PROPERTIES

In order to extract the features of afield from its RWT map,
we examine some properties of this transform. First of al,
we generalize some well-known relations for Fourier spectra
dealing with optical signa symmetry (see Table 1) to the
case of RW spectra.

Table 1l
. . energy power
optical signal density spectrum
complex and even | even even
complex and odd | even even
rea even
imaginary even

3.1 Radon-Wigner spectra of arbitrary optical signals

Itiseasy to seefrom (1) that for an arbitrary (real or complex)
optical signd f(x) we have

R F0] () = R [f(0] (—u), ()

and correspondingly for the RW spectra:

IR [foo] W)’ = [R[foo] —w|?.  (®

An optica signa is thus completely defined by the RWTs
ranging in the region [0, z]. The RW spectra for complex
conjugate fields f (x) and f*(x) enjoy the following proper-
ties:

Re[foo] f* =[R[f00] @] )
= [R[f* (0] ().

3.2 Radon-Wigner spectra of real optical signals

Inseveral cases, optical systemsareused for theanaysisof
objects that can be represented as rea gratings. This means

that the amplitude a the input plane of the fractional FT sys-
temisredl.
For rea optica signas, we have R“[f(x)] () =

(RE[f(] (W)™, and thus

IR[Fo] = [R*[feo]w]*. (10

Taking into account (8), we derivethat the RW spectrafor an-
glesa and w — o are parity invertible:

IR[Fo] ] = [R[fo] (—w|>. (1)

This means that all information about a rea opticd signd is
contained in the angle region [0, 7/2]. Due to the similar-
ity between the Fresnel transform and the fractional FT for
angles in the region [0, /2], we can conclude that a resl,
one-dimensiona optica signal can be completely determined
from the diffraction patterns measured in free space corre-
sponding to the region of Fresnel and Fraunhofer diffraction.

The power spectrum of an optical signa R* [ f(x)] (u) is
equal to |R™27 [ f(x)] (—u)|2, because

[R72H [ £00] @]° = [R7> [F00] (~w)|°,

(12)

which follows from (11). Note that the power spec-
trum of ared signa is aways even: |R72[ f(x)] (u)|2 =
|R2[ f(%)] (—u)|2. The angle « = /4 playsacentral role
in this symmetry: the power spectrum of R™4[f(x)] (u) is

equa to |R™4[ f (] (—u)|*.
The same properties hold for imaginary signals.

3.3 Radon-Wigner spectra of even and odd complex opti-
cal signals

From (7) it followsthat thefractional FT of an even or odd
optical signa satisfies the relationships

RFO0] () = R [F(=x)] (u) =
=R [ 0] (W) =R [f(0)] (—uw),

where the + sign standsfor even, and the — sign for odd sig-
nals. Hence, the RW spectra of even and odd optica signals
are even:

(13)

IR[foo] W= [R[f0] —w]>.  (14)

Thus, that asignal is even or odd can clearly be seen from
the energy density and the power spectrum. Odd signalshave
aRW spectrumwhichisO at zero frequency foral « € [0, n].

3.4 Radon-Wigner transform of affine-transformed opti-
cal signals

One of the reason why scalograms (squared moduli of the
wavelet transform) are widely used for the anaysis of inho-
mogeneous optica signalsisthat they are covariant to affine
signal transformations. Let us show that the RWT is affine
variant under affine transformation of an optical signal.



It is easy to see that a shift in the position and a modula
tion of asignal result in a shift in the ¢-RW spectrum, which
depends on «:

f (%) —  f(X—Xo) exp(—ikoX)
la Ja
IFruo)]? —  |Fru—xcosa + ko sina, a)|?

(15
The a-RW spectrum is covariant to position shift and invari-
ant to modulation for « = 0 and vice versa for « = 7/2.
In general, there dways exists an angle ap = arctan(Xy/ ko)
such that the corresponding «-RW spectrumisinvariant to the
combined action of aposition shift xo and amodulation ky.
After some al gebrai c mani pul ationsonederivesthefol low-
ing connection for the «-RW spectraof asignal f (x) and the
a-RW spectra of the affine transformed and modul ated signal

a Y2 f (532 exp(~ikoX)

f () — a2 () exp(—ikox)
o o (16)

IFru o — p—l\Ff(“——p“‘nﬁ)\z

where
p=alsna/sing
Up = XpCoSa — K Sina a7)
tanp = atana.

Thismeansthat affine transformationsof an optical signa re-
sult in affine transformations of the a-RW spectra. In partic-
ular, p=1if B =n/2 —« and tanw = @, in which case

|Re[(tana) Y2 f (522) exp(—ikoX)] (W)|* =

18
=[R2 [ £ (x)] (U — %o COse + ko Sina) |, 18
and for kg = xp/a we have
R [(tana) Y2 f (522 ) exp(—ixox/ tana) | ()| =
= [R72 [ f (0] )|*.
(19)

4PERIODICITY OF RADON-WIGNER TRANSFORM

In thissection we consider optical fieldswhose RWTs are pe-
riodicin theangle or in the space coordinate.

4.1 Angular periodicity

A Wigner distributionthat isinvariant under rotation through
an angle « in phase space, describes a self-imaging phe-
nomenon in the fractional FT system. Thus the Radon-
Wigner map of theeigenfields f, (u) of thefractiona FT sys-
temis periodicin the angle with period o:

|F (U, ne + B)1* = |F(u, B)I>. (20)
In particular, for 8 = Owe have |F (u, nar)|? = | f,(u)|2. The

angle region of the Radon-Wigner map which completely
characterizes such an optical field, reducesto [0, «].

4.2 Space periodicity

The Wigner distribution of the periodic wavefronts f(x) =
> faexp(i27xn), withperiodd = 1, isinvariant under trans-
lation: Wi(x+1,k) = Wi (x, k) (1 =0,1,...). The RWT of
aperiodic optical signa at angle « # +7/2 is periodic too,
with decreasing period when o — 7/2:

i . 2
’ |cosa| ’

In particular, we have for tanoe = 2m+ e
IFU )|?=|f(u/cosa —e/2)|*/|cosal,  (22)

wheremisaninteger ande= 0, 1. Sothe RWT of aperiodic
field with period 1 at angles o such that tana isan integer, is
ascaled replicaof the squared modulus of theinput intensity
distribution.

Moreover, the RWTs for angles o and 8 such that tan 8 —
tana = 2mare similar to each other

cosp
F (UE, ,3)

5RADON-WIGNER SPECTRA OF FRACTAL FIELDS

2

_ lcoshl @

F(ua)|?=
|F(u, )| c0sa|

Properties of fields diffracted by fractal structures have at-
tracted much attention of the optical community [12, 13, 14,
15, 16, 17, 18, 19, 20]. Usuadly such investigations are re-
stricted to the consideration of Fraunhofer or Fresnel diffrac-
tion. Let us shortly discuss how the analysis of the Radon-
Wigner map, correspondingto theintensity distributionof the
diffraction patternsin the fractional FT system, can be used
for the extraction of characteristics of fractal objects.

Thetypica property of fractal objectsisthat they keeptheir
own shapes under a change of scale f (Ax 4 Xg) = AH f(x +
Xo). For red structures, f(x) isusually self-affinefor alim-
ited sequence 1 = A§, wherek = 1, ..., N.

Using Egs. (16) and (17), we derivethat theRWT of afrac-
tal field at theangles o and 8 («, B # 7m/2) connected by

tan g = A’ tana (24)
are similar:
H
|F (U + X CoSa, )| % = (%) (%)
- 2 (25)
an
x F( e u+xocosﬁ,ﬁ) :

Moreover theRWTsof thefractal fieldsat anglese and 7/2 —
a are the same, except for a normalization factor and a dila
tion of the coordinate:

|F(u+ X cosa, 7/2 —a)|> = (coter)?H*t
x |F(U+ XoSina, a)|?.
(26)
Theratio of theintensity distributionsfor such angles defines
the scaling exponent H, whichisclosdly related to thefractal
dimension.



The above results have been demonstrated for the
Mandelbrot-Welerstrass cosine fractal [18] and for homo-
geneous algebraic functions |x|" [20]. It has been shown
numerically [20] for the example of the triadic Cantor set
that the RWT map reveds the hierarchical structure of a
fractal objects.

So, the scaling properties of fractal objects are reflected in
the Radon-Wigner map: the RWTs for a certain sequence of
angles are similar. The analysis of the Radon-Wigner map
gives information about the hierarchical structure of a fractal
field and allows to determine its main characteristics.

6 CONCLUSION

It has been shown how the Radon-Wigner spectra, corre-
sponding to the intensity distributionsof diffraction patterns
inthefractional FT system, revea the different types of opti-
cal field symmetries. The application of theRWT to theanal-
ysis of fractal optical fields has been discussed.

We believe that the application of fractiona FT systems
providing the RWT of optical fields, will alow to extend
the methods used for optical fields anaysis like Fourier or
wavelet transforms.
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