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ABSTRACT

The connection between the Wigner distribution and
the squared modulus of the fractional Fourier transform –
which are both well-known time-frequency representations
of a signal – is established. In particular the Radon-Wigner
transform is used, which relates projections of the Wigner
distribution to the squared modulus of the fractional Fourier
transform. Moments of the Wigner distribution are then ex-
pressed in terms of moments of the fractional Fourier trans-
form. Relations for the fractional Fourier transform mo-
ments are derived, and some new procedures are presented
with the help of which Wigner distribution moments can be
determined by using the fractional Fourier transform.

1. INTRODUCTION

A Fourier transformation maps a one-dimensional time
signal x(t) into a one-dimensional frequency function
Xπ/2(f), the signal spectrum. Although the Fourier trans-
form provides the signal’s spectral content, it fails to indi-
cate the time location of the spectral components, which is
important, for example, when we consider non-stationary
or time-varying signals. In order to describe these signals,
time-frequency representations are used. A time-frequency
representation maps a one-dimensional time signal into a
two-dimensional function of timeand frequency. In this
paper we consider the fractional Fourier transform, which
belongs to the class oflinear time-frequency representa-
tions, and establish its connection to the Wigner distribu-
tion, which is one of the most widely usedquadratictime-
frequency representations in electrical engineering. In par-
ticular we will use the Radon-Wigner transform, which re-
lates projections of time-frequency representations to the
squared modulus of the fractional Fourier transform.

Since the application of the different time-frequency
representations often depends on how informative their mo-
ments are and how easily these moments can be measured
or calculated, it is worthwhile to look for ways in which the

The full paper will be published in B. Boashash, Ed.,Time-Frequency
Signal Analysis and Processing, Prentice Hall.

moments can be determined. The connection between the
Wigner distribution and the fractional power spectrum per-
mits to find an optimal way for the calculation of the known
Wigner distribution moments and permits to introduce frac-
tional Fourier transform moments that can be useful for sig-
nal analysis. We conclude that all frequently used moments
of the Wigner distribution can be obtained from the frac-
tional power spectra.

2. WIGNER DISTRIBUTION

The Wigner distribution of a signalx(t) is defined as [1,
Ch. 12]

Wx(t, f) =
∫ ∞

−∞
x(t + 1

2τ)x∗(t− 1
2τ) exp(−j2πfτ)dτ.

The Wigner distribution is always real-valued, but not nec-
essarily positive; it preserves time and frequency shifts, and
satisfies the marginal properties, which means that its fre-
quency and time integrals,

∫
Wx(t, f)df and

∫
Wx(t, f)dt,

correspond to the signal’s instantaneous power|x(t)|2 and
its spectral energy density|Xπ/2(f)|2, respectively. The
Wigner distribution can roughly be considered as the sig-
nal’s energy distribution over the time-frequency plane, al-
though the uncertainty principle prohibits the interpretation
as a point time-frequency energy density.

3. FRACTIONAL FOURIER TRANSFORM

The fractional Fourier transform is defined as [2, 3]

Xα(u) = Rα [x(t)] (u) =
∫ ∞

−∞
K(α, t, u)x(t)dt,

where the kernelK(α, t, u) is given by

K(α, t, u) =
exp(j 1

2α)
√

j sinα
exp

(
jπ

(t2 + u2) cos α− 2ut

sinα

)
The fractional Fourier transform can be considered as a gen-
eralization of the ordinary Fourier transform; forα = 1

2π



andα = − 1
2π it reduces to the ordinary and inverse Fourier

transform, respectively.
A fractional Fourier transformation produces arotation

of quadratic time-frequency representations like the Wigner
distribution in the time-frequency plane:

x(t) ←→ Wx(t, f)
↓ fractional FT ↓ rotation of WD
Xα(t) = Rα [x] ←→ WXα

(t, f),

with WXα
(t, f) = Wx(t cos α− f sinα, t sinα+ f cos α).

Hence, for the fractional power spectrum, we have

|Xα(t)|2=
∫ ∞

−∞
Wx(t cos α− f sinα, t sinα + f cos α)df,

which is known as the Radon-Wigner transform [1, Ch. 8].

4. FRACTIONAL FOURIER TRANSFORM
MOMENTS

By analogy with the well-known time and frequency mo-
ments, the fractional Fourier transform moments can be in-
troduced:∫ ∞

−∞
tn |Xα(t)|2 dt =

∫ ∞

−∞

∫ ∞

−∞
tnWXα(t, f)dtdf.

Thezero-ordermomentE represents the signal’s energy
and is invariant under fractional Fourier transformation; this
is Parseval’s theorem for unitary transformations.

The normalizedfirst-ordermomentmα is related to the
center of gravity of the fractional power spectrum. From the
simple relationshipmα = m0 cos α+mπ/2 sinα, it is easy
to see that the sum of squaresm2

α + m2
α+π/2 is invariant

under fractional Fourier transformation.
The normalizedsecond-ordermomentwα is related to

the effective width of the signal in the fractional Fourier
transform domain, while the normalizedmixed second-
order fractional Fourier transform momentµα – with
tfWXα

(t, f) instead oft2WXα
(t, f) in the integrand –

takes the form

µα =
1

4πjE

∫ ∞

−∞

[
X∗

α(t)
∂Xα(t)

∂t
−Xα(t)

∂X∗
α(t)
∂t

]
tdt.

From the relations between the second-order moments,

wα = w0 cos2 α + wπ/2 sin2 α− µ0 sin 2α
µα = 1

2 (w0 − wπ/2) sin 2α + µ0 cos 2α,

we conclude (i) that all second-order momentswα andµα

can be obtained from any three second-order momentswα,
(ii) that wα + wα+π/2 is invariant under fractional Fourier
transformation, and (iii) thatµα = 0 corresponds to the
fractional domain with the extremum signal widthwα. We

also have thatwαwα+π/2 = w0wπ/2 + 1
4 [(w0 − wπ/2)2 −

4µ2
0] sin

2 2α + 1
2µ0(w0 − wπ/2) sin 4α, which expression

is, in general, not invariant under fractional Fourier trans-
formation, and which has a lower bound of1

4 , due to the
uncertainty principle.

Instead ofglobalmoments, which we considered above,
one can considerlocal moments, which are related to such
things as the instantaneous power and instantaneous fre-
quency (forα = 0) or the spectral energy density and group
delay (forα = 1

2π) in the different fractional Fourier trans-
form domains. The local frequencyUXα

(t) in the fractional
Fourier transform domain with parameterα is defined as

UXα
(t) =

∫ ∞

−∞
fWXα

(t, f)df
/∫ ∞

−∞
WXα

(t, f)df

=
1

2 |Xα(t)|2

∫ ∞

−∞

∂|Xβ(τ)|2

∂β

∣∣∣∣
β=α

sgn(τ − t)dτ

and is related to the phaseϕα(t) = arg Xα(t) of the
fractional Fourier transformXα(t) through2πUXα(t) =
dϕα(t)/dt. This implies that the derivative of the fractional
power spectra with respect to the angleα defines the local
frequency in the fractional domain, and that it can be used
for solving the phase retrieval problem by measuring inten-
sity functions only.

5. CONCLUSION

We conclude that all frequently used moments of the Wigner
distribution can be obtained from the fractional power spec-
trum. The fractional Fourier transform moments may be
helpful in the search for the most appropriate fractional do-
main to perform a filtering operation; in the special case
of noise that is equally distributed throughout the time-
frequency plane, for instance, the fractional domain with the
smallest signal width is then evidently the most preferred
one.

6. REFERENCES

[1] A. D. Poularikas, ed.,The Transforms and Applica-
tions Handbook, CRC Press, Alabama, 1996. Chap-
ter 8, S. R. Deans, “Radon and Abel Transforms,” and
Chapter 12, G. F. Boudreaux-Bartels, “Mixed Time-
frequency Signal Transformations.”

[2] L. B. Almeida, “The fractional Fourier transform and
time-frequency representations,”IEEE Trans. Signal
Process., vol. 42, pp. 3084-3091, 1994.

[3] H. M. Ozaktas, M. A. Kutay, and D. Mendlovic, “Intro-
duction to the fractional Fourier transform and its appli-
cations,” inAdvances in Imaging and Electron Physics,
vol. 106, ed. P. W. Hawkes, Academic Press, San Diego,
CA, pp. 239-291, 1999.


