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ABSTRACT

The fractional cosine and sine transforms – closely
related to the fractional Fourier transform, which is now
actively used in optics and signal processing, and to the
fractional Hartley transform – are introduced and their
main properties and possible applications as elementary
fractional transforms of causal signals are discussed.

1. INTRODUCTION

The fractional Fourier transform, which is a generalization
of the ordinary Fourier transform (FT), was introduced
70 years ago, but only in the last decade has it been
actively applied in signal processing, optics and quantum
mechanics. The fractional FT gives a more complete repre-
sentation of the signal in phase space and enlarges the
number of applications of the ordinary FT [1].

In addition to the FT, the cosine and sine transforms
(CT, ST), which are based on half-range expansions of a
function over cosine and sine basis functions, respectively,
are also important tools in signal processing. Despite of
some lack of elegance in their properties compared to the
FT, the CT and ST have their own areas of applications.
The idea of fractionalization of the CT and ST was proposed
in [2]. There the real and imaginary parts of the fractional
FT kernel were chosen as the kernels for a fractional CT and
a fractional ST, respectively. Nevertheless, the authors noted
that their fractional transforms are not index additive and,
in our point of view, cannot be considered as a fractional
version of the CT and ST.

In this paper we introduce fractional cosine and sine
transforms that are additive on the index and preserve the
similar relationships with the fractional FT as the ordinary
CT and ST have with the FT. We derive the main properties
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of the fractional CT and ST and show, as examples, the
fractional CT and ST of some selected signals. Note that,
although there are different ways for the fractionalization of
cyclic transforms [3] like the FT, the CT, and the ST, in this
paper we consider the fractional CT and ST in relation to
the fractional FT, which is more useful for signal analysis
because the fractional FT corresponds to a rotation of the
Wigner distribution and the ambiguity function.

2. FRACTIONAL FOURIER TRANSFORM

The fractional FTFα(u) of a functionf(x) is defined as [1]

Fα(u) = Rα
F [f(x)](u) (1)

=
1√
2π

∫ ∞

−∞
kα(x, u)f(x) exp(−jux/ sinα)dx,

where

kα(x, u) =
exp(j 1

2α)
√

j sinα
exp[ 12j(x2 + u2) cot α]. (2)

Note that forα = 1
2π, for which kπ/2(x, u) = 1, we

have the normal FT, while forα → 0 we have the identity
transformation:F 0(x) = f(x). Note, moreover, that
kα+π(x, u) = kα(x, u), and henceFα+π(u) = Fα(−u),
that k−α(x, u) = k∗α(x, u), that kα(x, u) = kα(u, x),
and thatkα(x, u) is an even function of bothx and u:
kα(±x, u) = kα(x, u) = kα(x,±u).

From the linearity of the fractional FT and the reversion
property

Rα
F [f(−x)](u) = Rα

F [f(x)](−u) = Fα(−u), (3)

we have

Rα
F [f(x)± f(−x)](u) = Fα(u)± Fα(−u), (4)

and we conclude that the fractional FT of an even function
is even, while the fractional FT of an odd function is odd.



3. FRACTIONAL COSINE AND SINE
TRANSFORMS

We now restrict ourselves to a one-sided functionf(x), with
f(x) = 0 for x < 0, and define the fractional CT and ST as

Fα
c (u) = Rα

c [f(x)](u)
= Rα

F [f(x) + f(−x)](u)
= Fα(u) + Fα(−u) (u ≥ 0)

=

√
2
π

∫ ∞

0

kα(x, u)f(x) cos(ux/ sinα)dx, (5)

Fα
s (u) = Rα

s [f(x)](u)
= exp(jα) Rα

F [f(x)− f(−x)](u)
= exp(jα) [Fα(u)− Fα(−u)] (u ≥ 0)

= −j exp(jα)

√
2
π

×
∫ ∞

0

kα(x, u)f(x) sin(ux/ sinα)dx, (6)

respectively, which reduce to the normal CT and ST [4] for
α = 1

2π. To express, in a different way, the relationship
between the fractional FT of a causal, one-sided function
and the fractional CT and ST of this function, we can write

2Fα(±u) = Fα
c (u)± exp(−jα)Fα

s (u). (7)

Considering the kernels of the fractional transformsRα,

Rα
F : (1/

√
2π)kα(x, u) exp(−jux/ sinα),

Rα
c : (2/

√
2π)kα(x, u) cos(ux/ sinα),

j exp(−jα)Rα
s : (2/

√
2π)kα(x, u) sin(ux/ sinα),

(8)

we can say thatRα
c is related to the even part ofRα

F , while
Rα

s is related to the odd part of it. In general we conclude
that, to determine the fractional CT of a causal, one-sided
function f(x), we can as well determine the fractional FT
of the evenly extended two-sided functionf(x) + f(−x);
similarly, to determine the fractional ST of such a function,
we can as well determine the fractional FT of the oddly
extended two-sided functionexp(jα)[f(x)− f(−x)]. And
in both cases we restrict ourselves tou ≥ 0.

4. EIGENFUNCTIONS AND EIGENVALUES

With Ψn(x) the Hermite-Gauss functions,

Ψn(x) = (
√

π2nn!)−
1
2 exp(− 1

2x2)Hn(x), (9)

whereHn(x) are the Hermite polynomials, we have

(1/
√

2π)kα(x, u) exp(−jux/ sinα)

=
exp(j 1

2α)
√

j sinα
exp[12j(x2 + u2) cot α] exp(−jux/ sinα)

=
∞∑

n=0

Ψ∗n(x)Ψn(u) exp(−jnα). (10)

Thus

(2/
√

2π)kα(x, u) cos(ux/ sinα)

= (1/
√

2π)kα(x, u)[exp(−jux/ sinα)
+ exp(jux/ sinα)]

= (1/
√

2π) [kα(x, u) exp(−jux/ sinα)
+ kα(x,−u) exp(−j(−u)ux/ sinα)]

=
∞∑

n=0

Ψ∗n(x)Ψn(u) exp(−jnα)

+
∞∑

n=0

Ψ∗n(x)Ψn(−u) exp(−jnα)

=
∞∑

n=0

Ψ∗n(x)[Ψn(u) + Ψn(−u)] exp(−jnα)

= 2
∞∑

n=0

Ψ∗2n(x)Ψ2n(u) exp(−j2nα) (11)

and, similarly,

−j exp(jα)(2/
√

2π)kα(x, u) sin(ux/ sinα)

= 2
∞∑

n=0

Ψ∗2n+1(x)Ψ2n+1(u) exp(−j2nα). (12)

We conclude that, while the Hermite-Gauss functions
Ψn(x) are the eigenfunctions of the fractional FT
with eigenvaluesexp(−jnα), the even-order Hermite-
Gauss functions

√
2Ψ2n(x) are the eigenfunctions of the

fractional CT and the odd-order Hermite-Gauss functions√
2Ψ2n+1(x) the eigenfunctions of the fractional ST, in

both cases with eigenvaluesexp(−j2nα). Note that the
fractional CT eigenfunctions

√
2Ψ2n(x) are orthonormal on

the half range,

2
∫ ∞

0

Ψ2n(x)Ψ2m(x)dx = δn,m,

and that the same holds for the fractional ST eigenfunctions√
2Ψ2n+1(x).

5. SOME BASIC PROPERTIES

From the general observations made in the previous
section, we conclude that many properties of the fractional
FT immediately translate to the fractional CT and ST.
In particular, for all fractional transforms the additivity
property for the angleα holds,

Rα1Rα2 [f(x)](u) = Rα1+α2 [f(x)](u), (13)

from which we conclude that the inverse of any fractional
transform corresponds to the transform with the negative
angle.



With tanβ = λ2 tanα (and with the additional
conditionλ > 0 in the case of the fractional CT and ST)
and withC defined as

C =

√
cos β

cos α

exp(j 1
2α)

exp(j 1
2β)

exp
[
j 1

2u2 cot α

(
1− cos2 β

cos2 α

)]
,

we have the same scaling property for the fractional CT as
we have for the fractional FT,

Rα
c [f(λx)](u) = CRβ

c [f(x)]
(

u

λ

sinβ

sinα

)
, (14)

and a slightly modified one for the fractional ST:

exp(−jα)Rα
s [f(λx)](u)

= C exp(−jβ)Rβ
s [f(x)]

(
u

λ

sinβ

sinα

)
. (15)

If we shift a causal, one-sided functionf(x) away from
the origin,f(x) → f(x − xo) with xo > 0, we have the
same shifting property for the fractional CT and ST (with
the additional conditioncos α ≥ 0 in these cases) as we
have for the fractional FT:

Rα[f(x− xo)](u) = exp[−jxo sinα(u− 1
2xo cos α)]

× Rα[f(x)](u− xo cos α). (16)

As far as modulation, or shifting in theu-domain, is
concerned, we have

Rα
F [f(x)](u−uo sinα) = exp[−juo cos α(u− 1

2uo sinα)]
× Rα

F [f(x) exp(juox)](u) (17)

for the fractional FT, while for the fractional CT and ST we
have

Rα
c,s[f(x)](u−uo sinα) = exp[−juo cos α(u− 1

2uo sinα)]

×
{
Rα

c,s[f(x) cos(uox)](u)

+ j exp(∓jα)Rα
s,c[f(x) sin(uox)](u)

}
, (18)

where the first subscript corresponds to the upper (−) sign
and the second subscript to the lower (+) sign.

Parseval’s unitarity relation for causal, one-sided
functions reads∫ ∞

0

f(x)g∗(x)dx =
∫ ∞

−∞
Fα(u)[Gα(u)]∗du

=
∫ ∞

0

Fα
c,s(u)[Gα

c,s(u)]∗du. (19)

All three fractional transforms satisfy the symmetry
relation

R−α[f(x)](u) = {Rα[f∗(x)](u)}∗ . (20)

And while the fractional FT is periodic inα with period
2π and satisfies the half-period relationRα+π

F [f(x)](u) =
Rα

F [f(x)](−u), the fractional CT and ST are periodic with
periodπ: Rα+π

c,s [f(x)](u) = Rα
c,s[f(x)](u).

6. SELECTED FRACTIONAL COSINE AND SINE
TRANSFORMS

We now consider the fractional CT and ST of some selected
functions.

Dirac function

The fractional CT and ST of the Dirac functionf(x) =
δ(x− ξ) correspond to the respective kernels:

Rα
c [δ(x− ξ)](u) =

√
2/πkα(ξ, u) cos(uξ/ sinα), (21)

Rα
s [δ(x− ξ)](u) = −j exp(jα)√

2/πkα(ξ, u) sin(uξ/ sinα). (22)

Cosine and sine functions

Substitutingα = 1
2π into Eqs. (21) and (22) yields√
2/π cos(uξ) = Rπ/2

c [δ(x− ξ)](u)
= Rπ/2

c [δ(x− u)](ξ),

−j exp(jα)
√

2/π sin(uξ) = Rπ/2
s [δ(x− ξ)](u)

= Rπ/2
s [δ(x− u)](ξ).

From the additivity property of the fractional transforms we
can then write

Rα
c [cos(uoξ)](u) =

√
π/2Rα+π/2

c [δ(x− uo)](u)
= kα+π/2(uo, u) cos[uuo/ sin(α + π/2)],

Rα
s [sin(uoξ)](u) = j exp(−jα)

×
√

π/2Rα+π/2
c [δ(x− uo)](u)

= kα+π/2(uo, u) sin[uuo/ sin(α + π/2)],

and the fractional CT and ST ofcos(uox) and sin(uox),
respectively, take the form

Rα
c [cos(uox)](u) = kα+π/2(uo, u) cos(uuo/ cos α), (23)

Rα
s [sin(uox)](u) = kα+π/2(uo, u) sin(uuo/ cos α). (24)

Constant function

The fractional CT of a constantf(x) = c results in a chirp,

Rα
c [c](u) = c

√
exp(jα)
cos α

exp(− 1
2ju2 tanα), (25)

which reduces to the Dirac function
√

2πδ(u) for α → 1
2π.

The fractional ST is related to the fractional CT by

Rα
s [c](u) = − exp(jα)Φ

(
u/

√
j sin 2α

)
Rα

c [c](u), (26)



with Φ(z) =
2√
π

∫ z

0

exp(−t2)dt the probability integral.

The fractional transforms (25) and (26) can be derived
from the general relationship [5]∫ ∞

0

xµ−1 exp(−γx− 1
2βx2)dx

=
Γ(µ)
βµ/2

exp
(

γ2

4β

)
D−µ

(
γ

β1/2

)
, (27)

where [Re µ > 0, Re β > 0] or [Re µ > 0, Re γ >
0, Re β = 0] or [0 < Re µ < 2, Re β = Re γ =
0, Im β 6= 0], and whereDp(z) is the parabolic cylinder
function. Note that for the fractional transform of a constant
the parabolic cylinder functionD−1(z) arises and we have

D−1(z) = exp( 1
4z2)

√
π/2 [1− Φ(z/

√
2)].

The function f(x) = xµ−1 exp(−γx− 1
2
βx2)

The fractional cosine and sine transforms of functions of
the formf(x) = xµ−1 exp(−γx − 1

2βx2) – to which a
constant, a complex Gaussian, and a chirp belong – can
easily be derived using the general relationship (27):

Rα
c [xµ−1 exp(−γx− 1

2βx2)](u) =

√
exp(jα)

2πjηµ sinα

× Γ(µ) exp
[

1
2u2

(
j cot α− 1

2η sin2 α

)
+

γ2

4η

]
×

{
exp

(
− jγu

2η sinα

)
D−µ

(
γ − ju/ sinα

√
η

)
+ exp

(
jγu

2η sinα

)
D−µ

(
γ + ju/ sinα

√
η

)}
(28)

and

Rα
s [xµ−1 exp(−γx− 1

2βx2)](u) =

√
exp(jα)

2πjηµ sinα

× Γ(µ) exp
[

1
2u2

(
j cot α− 1

2η sin2 α

)
+

γ2

4η
− jα

]
×

{
exp

(
− jγu

2η sinα

)
D−µ

(
γ − ju/ sinα

√
η

)
− exp

(
jγu

2η sinα

)
D−µ

(
γ + ju/ sinα

√
η

)}
, (29)

with η = β − j cot α.

7. POSSIBLE APPLICATIONS;
FRACTIONAL HARTLEY TRANSFORM

The fractional CT and ST can be used for separately
processing the even and odd parts of two-sided functions.

Indeed, withfe(x) andfo(x) (x ≥ 0) defined as the even
and the odd part of the two-sided functionf(x), respec-
tively, we can write

f(±x) = fe(x)± fo(x) (x ≥ 0)

and the fractional FT off(x) can be expressed as

Rα
F [f(x)](±u) = Rα

c [fe(x)](u)
± exp(−jα)Rα

s [fo(x)](u) (u ≥ 0). (30)

In a similar way as for the fractional FT, the fractional
Hartley transform off(x), Rα

H [f(x)](u), can be expressed
in terms of the fractional CT and ST [3],

Rα
H [f(x)](±u) = Rα

c [fe(x)](u)
± j exp(−jα)Rα

s [fo(x)](u) (u ≥ 0), (31)

and its kernel thus reads [cf. Eqs. (8)]

(1/
√

2π)kα(x, u)[cos(ux/ sinα) + sin(ux/ sinα)]. (32)

8. CONCLUSION

We have introduced the fractional cosine and sine trans-
forms, which are additive with respect to the parameter
α and which are closely related to the fractional FT. The
main properties and possible application of these transforms
were discussed. Although we have considered only the one-
dimensional case, the generalization to the two- and higher-
dimensional cases is straightforward. The fractional CT and
ST can be considered as elementary fractional transforms
of causal signals, which are able to treat the even and odd
parts of general (non-causal) signals separately, and which,
when combined, lead to the fractional Fourier and Hartley
transforms.
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