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ABSTRACT

We consider the one-parameter canonical transform of
an optical signal and derive the relationship between its
local spatial frequency (signal phase derivative) and the
derivative of the squared modulus of the one-parameter
canonical transform with respect to the parameter. From this
relationship we conclude that the phase of the signal can be
reconstructed by letting the signal propagate in an appro-
priate one-parameter canonical-transform system and then
measure two intensity profiles for two close values of the
parameter.

1. INTRODUCTION

Phase retrieval and local frequency estimation of a signal
from intensity profiles are important problems in radio
location, optical signal processing, quantum mechanics,
and other fields. Several successful iterative algorithms for
phase reconstruction from the squared modulus of the signal
and its power spectrum, or its Fresnel spectrum, have been
proposed recently [1, 2, 3, 4], and related techniques are
applied in various regions of the electromagnetic spectrum
and in quantum mechanics [5, 6, 7]. The development of
non-iterative procedures for generic systems remains an
attractive research topic.

A non-iterative approach for phase retrieval, based on
the so-called transport-of-intensity equation in optics, was
proposed by Teague [8] and then further developed by
others [9, 10, 11]. It was shown that the longitudinal
derivative of the Fresnel spectrum is proportional to the
transversal derivative of the product of the instantaneous
power and the instantaneous frequency of the signal. A
similar procedure was proposed for the fractional Fourier
transform [12, 13].

In this paper we show that a non-iterative formulation

applies for general one-parameter canonical transforms [14,
15]. We show that the local frequency (the first derivative of
the phase of the signal) is directly related to the derivative
of the squared modulus of the one-parameter canonical
transform with respect to the parameter, and given by the
evolution Hamiltonian of the optical medium. From this
relationship we conclude that the phase of the signal can be
reconstructed by letting it propagate in such systems, and
measuring the intensity profiles of the signal for two close
values of the parameter.

2. PHASE AND LOCAL FREQUENCY

Let us consider a one-dimensional, coherent optical signal
with complex amplitudeψ(x) = |ψ(x)| exp[iϕ(x)]. Its
local spatial frequencyp(x) is defined as the derivative of
the phaseϕ(x):

p(x) = ϕ′(x) =
dϕ(x)
dx

. (1)

To express the local frequency in terms of the signalψ(x)
itself, we write

p(x) =
dϕ(x)
dx

= Im
d lnψ(x)

dx
= Im

ψ′(x)
ψ(x)

= 1
2 i

(
ψ′

∗(x)
ψ∗(x)

− ψ′(x)
ψ(x)

)
= 1

2 i
ψ′

∗(x)ψ(x)− ψ∗(x)ψ′(x)
ψ∗(x)ψ(x)

and get

p(x) |ψ(x)|2 = 1
2 i[ψ

′∗(x)ψ(x)− ψ∗(x)ψ′(x)]. (2)



3. ONE-PARAMETER CANONICAL OPERATORS

We consider the one-parameter canonical operatorC(α) =
exp(iαH), see [15, Eq. (9.73)]

C(α)ψ(x) = ψα(x) =
∫ ∞

−∞
C(α;x, ξ)ψ(ξ) dξ; (3)

note thatC†(α) = C(−α) andC∗(α;x, ξ) = C(−α; ξ, x),
see [15, Eq. (9.25)]. The Fresnel transformation with
integral kernel

C(α;x, ξ) =
exp(iπ/4)√

2πα
exp

(
−ix

2 − 2xξ + ξ2

2α

)
(4)

and the fractional Fourier transformation with integral
kernel

C(α;x, ξ) =
exp(iπ/4)√

2π sinα

× exp
(
−ix

2 cosα− 2xξ + ξ2 cosα
2 sinα

)
(5)

are two important representatives of such operators.
The self-adjoint generating operatorH = H† can be

expressed in terms of the kernelC(α;x, ξ) via

Hψ(x) = −i d
dα

∫ ∞

−∞
C(α;x, ξ)ψ(ξ) dξ

∣∣∣∣
α=0

, (6)

see [15, Eq. (9.74)], and has the general form

H = 1
2AP2 + 1

2B(QP + PQ) + 1
2CQ2 = H† (7)

with

P = −i ∂
∂x

; Q = x ; P2 = − ∂2

∂x2
;

QP + PQ = −2i
(
x
∂

∂x
+ 1

2

)
; Q2 = x2.

In the case of the Fresnel transformation (the ‘parabolic
subgroup’) and the fractional Fourier transformation (the
‘elliptic subgroup’) we haveA = 1 andB = C = 0,
andA = C = 1 andB = 0, respectively; see also [15,
Eqs. (9.76)], where these and three other cases (the ‘hyper-
bolic subgroup,’ withA = −C = 1 andB = 0; scaling,
with A = C = 0 andB = 1; and multiplication by a
quadratic phase factor, withA = B = 0 andC = 1) are
treated.

We now differentiate|ψα(x)|2 = | exp(iαH)ψ(x)|2

with respect toα

∂|ψα(x)|2

∂α

=
∂ψ∗αψα

∂α
=
∂ψ∗α
∂α

ψα + ψ∗α
∂ψα

∂α
= [iHψα]∗ψα + ψ∗α[iHψα]

= − i
[(

1
2AP2 + 1

2B(QP + PQ) + 1
2CQ2

)
ψα

]∗
ψα

+ iψ∗α
[(

1
2AP2 + 1

2B(QP + PQ) + 1
2CQ2

)
ψα

]
= − i

[
− 1

2Aψ
′′
α
∗ + iB(xψ′α

∗ + 1
2ψ

∗
α) + 1

2Cx
2ψ∗α

]
ψα

+ iψ∗α
[
− 1

2Aψ
′′
α − iB(xψ′α + 1

2ψα) + 1
2Cx

2ψα

]
= 1

2 iA
(
ψ′′α

∗
ψα − ψ∗αψ′′α

)
+Bx

(
ψ′α

∗
ψα + ψ∗αψ

′
α

)
+Bψ∗αψα

and arrive at

∂|ψα(x)|2

∂α
= 1

2 iA
d

dx

[
ψ′α

∗(x)ψα(x)− ψ∗α(x)ψ′α(x)
]

+B
d

dx
[xψ∗α(x)ψα(x)]. (8)

4. RECONSTRUCTION OF THE PHASE

If we combine Eq. (2) with Eq. (8) we get

∂|ψα(x)|2

∂α

∣∣∣∣
α=0

=
d [Ap(x) +Bx] |ψ(x)|2

dx
, (9)

which shows a relationship between longitudinal derivatives
(i.e., with respect to the canonical parameterα) on the one-
hand and transversal derivatives (i.e., with respect to the
space variablex) on the other. After integration, Eq. (9)
leads to∫ x

−∞

∂|ψα(ξ)|2

∂α

∣∣∣∣
α=0

dξ = [Ap (x) +Bx] |ψ(x)|2, (10)

where we have assumed that[Ap (x) +Bx] |ψ(x)|2 → 0
for x → −∞. If we introduce the unit step function u(x),
with u(x) = 1 for x > 0 and u(x) = 0 for x < 0,
Eq. (10) can be expressed in the form of a convolution of
∂|ψα(x)|2/∂α

∣∣
α=0

with u(x):

[Ap (x) +Bx] |ψ(x)|2 =
∫ ∞

−∞

∂|ψα(ξ)|2

∂α

∣∣∣∣
α=0

u(x− ξ) dξ.

(11)

Since a real canonical transformation satisfies Parseval’s
relation [15, Eq. (9.11)],∫ ∞

−∞
fα(x) g∗α(x) dx =

∫ ∞

−∞
f(x) g∗(x) dx,



we have∫ ∞

−∞

∂|ψα(ξ)|2

∂α

∣∣∣∣
α=0

dξ =
∂

∂α

∫ ∞

−∞
|ψα(ξ)|2 dξ

∣∣∣∣
α=0

=
∂

∂α

∫ ∞

−∞
|ψ(ξ)|2 dξ

∣∣∣∣
α=0

= 0; (12)

note that this relationship is in accordance with the
assumption that[Ap (x) +Bx] |ψ(x)|2 → 0 not only for
x→ −∞ but also forx→ +∞. Equation (11) can then as
well be expressed in the form

[Ap (x) +Bx] |ψ(x)|2

= 1
2

∫ ∞

−∞

∂|ψα(ξ)|2

∂α

∣∣∣∣
α=0

sgn(x− ξ) dξ, (13)

where we have introduced the signum function sgn(x) =
2u(x) − 1. With A = 1 andB = 0 we thus get the result
derived in the case of the fractional Fourier transform [12],
where the local frequency is expressed as a convolution of
∂|ψα(x)|2/∂α

∣∣
α=0

with sgn(x).
We conclude that the convolution relations (11) and

(13) are not restricted to the fractional Fourier transform,
but hold as well for other one-parameter canonical trans-
forms, like the Fresnel transform. In general these convolu-
tions allow us to reconstruct the local frequency (and thus
the phase) of the signal from knowledge of two intensity
profiles: one forα = 0 [corresponding to the signalψ(x) =
ψ0(x) itself] and one for a small value∆α [corresponding
to the canonical transformψ∆α(x)]. We use the difference
of the two intensity profiles divided by the parameter
difference,

(
|ψ∆α(x)|2 − |ψ(x)|2

)
/∆α, as an approxi-

mation for the differential quotient∂|ψα(x)|2/∂α
∣∣
α=0

, and
determine the expression[Ap (x) +Bx] |ψ(x)|2 via the
convolutions (11) or (13). Calculation of the local frequency
p(x) and the subsequent determination of the phaseϕ(x) as
the integral of this local frequency is then straightforward.

The one-parameter canonical transformation should be
such that its parameterA does not vanish. This condition
is satisfied by the three first-order optical systems described
by their ray-transformation matrices as, see [15, Eq. (9.75)],[

1 −α
0 1

]
,

[
cosα − sinα
sinα cosα

]
,

and

[
coshα − sinhα

− sinhα coshα

]
,

corresponding to the ‘parabolic subgroup’ (Fresnel transfor-
mation: free space propagation under the paraxial approxi-
mation ), the ‘elliptic subgroup’ (fractional Fourier transfor-
mation), and the ‘hyperbolic subgroup,’ respectively. Note
that for these three canonical transformations the parameter
B vanishes.

We note the absence ofC, the Hamiltonian parameter
associated to the refractive index, in the left-hand side of
Eqs. (11) and (13); comparison with the classical form of
the Hamiltonian function

h(x, k) =
1

2n◦
k2 + νx2, (14)

which characterizes a quasi-homogeneous medium of
refractive indexn(x) ≈ n◦ − νx2 in the paraxial regime of
geometric optics, shows that the determination of the signal
phase is the same whether the medium be harmonic (ν > 0,
the ‘elliptic subgroup’), repulsive (ν < 0, the ‘hyperbolic
subgroup’), or free (ν = 0, the ‘parabolic subgroup’). The
parameterB of the scaling term of the Hamiltonian does
appear in that left-hand side; but when present, it will only
chirp the local frequencyp(x) by−Bx/A. Thus we see that
to determine the local frequency of a signal from two inten-
sities it is only necessary that the canonical transform be
generated by a Hamiltonian with a nonzeroAk2 term.

We remark that the extension to two-dimensional
signals is rather straightforward. In that case we would need
a two-dimensional, separable canonical transformation,
operating in thex-direction with parameterαx and in the
y-direction with parameterαy. The general relationship (9)
now splits up into two relations:

∂|ψαx,αy (x, y)|2

∂αx

∣∣∣∣
αx=αy=0

=
d [Ax px(x, y) +Bxx] |ψ(x, y)|2

dx

∂|ψαx,αy
(x, y)|2

∂αy

∣∣∣∣
αx=αy=0

=
d [Ay py(x, y) +Byy] |ψ(x, y)|2

dy
, (15)

and to reconstruct the phase, we would need three intensity
profiles: |ψ(x, y)|2 = |ψ0,0(x, y)|2, |ψ∆αx,0(x, y)|2, and
|ψ0,∆αy

(x, y)|2.

5. CONCLUSION

In this paper we have established the relationship between
the derivative of the squared modulus of a general, one-
parameter, canonical transform of an optical signal and
the signal’s local frequency (or phase derivative). This
relationship allows us to reconstruct the local frequency
(and thus the phase) of the signal by letting the signal
propagate in an appropriate one-parameter canonical-
transform system and then measure two intensity profiles
for two close values of the parameter.
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