Phase reconstruction from intensity measurements in linear systems
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The phase of a signal at a plane is reconstructed from the intensity profiles at two close
parallel screens connected by a smalh¢d canonical transform; this applies to propa-
gation along harmonic and repulsive fibers, and in free media. We analyze the relationship
between the local spatial frequency (the signal phase derivative) and the derivative of the
squared modulus of the signal under a one-parameter canonical transform with respect to
the parameter. We thus generalize to all linear systems the results which have been obtained
separately for Fresnel and fractional Fourier transforng. 2002 Optical Society of
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1. Introduction

Phase retrieval and local frequency estimation of a signal from intensity profiles are important
problems in radio location, optical signal processing, quantum mechanics, and other fields. Several
successful iterative algorithms for phase reconstruction from the squared modulus of the signal and
its power spectrum, or its Fresnel spectrum, have been proposed recéatiy, related techniques

are applied in various regions of the electromagnetic spectrum and in quantum meéfanies.
development of non-iterative procedures for generic systems remains an attractive research topic.

A non-iterative approach for phase retrieval, based on the so-called transport-of-intensity
equation in optics, was proposed by Tedtmed then further developed by othérd! It was shown
that the longitudinal derivative of the Fresnel spectrum is proportional to the transversal derivative
of the product of the instantaneous power and the instantaneous frequency of the signal. A similar
procedure was proposed for the fractional Fourier transfgria.

In this paper we show that a non-iterative formulation applies for general one-parameter
canonical transform¥:1>We show that the local frequency (the first derivative of the phase of the
signal) is directly related to the derivative of the squared modulus of the one-parameter canonical
transform with respect to the parameter, and given by the evolution Hamiltonian of the optical
medium. From this relationship we conclude that the phase of the signal can be reconstructed by
letting it propagate in such systems, and measuring the intensity profiles of the signal for two close
values of the parameter.

After a short reminder of definitions in Sect. 2, in Sect. 3 we find the parametric derivative of
the intensity under canonical transforms; this is used in Sect. 4 to derive our main result; in Sect. 5
we offer some concluding remarks.

2. Phase and local frequency

The local spatial frequencg(x) of a one-dimensional, complex and coherent signal of amplitude
¥ (X) is defined as the derivative of its phasg),
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This local frequency can be expressed in terms of the signal itsétf,, by writing
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Thus we obtain a relation that we shall use below:
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3. One-parameter canonical operators

In the paraxial @gime of two-dimensional geometric optics, a quasi-homogeneous medium of
refractive indexn(x) =~ n, — vx2 is characterized by the Hamiltonian function

1
h(X, k) = ﬁkz + VXZ. (3)
o

Harmonic fibers have > 0, v = 0 describes a free medium, and repulsive fibers correspond to
v < 0. Quadratic functions of phase spaeek) have a unique quantization (or wavization); we
will generalize our considerations to the generic Hamiltonian operators

H:= 1AP? + iB(QP + PQ) + 1CQ% = H', 4)

using the well-known Sclkdinger realization of the momentutk > P) and position X — Q) by
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and acting on the Hilbert space of square-integrable sighats.

The Hamiltonian operator (4) generates the evolution of the signhals along-#xés
of the fibers or free space. This evolution is given by a one-parameter group of unitary
canonical transform operators, which act on signals through the canonical integral transform [15,
Egs. (9.25),(9.73),(9.74)],
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The fractional Fourier transformation (times the phage/il ;== exp(—in/4)) is produced in a
harmonic fiber whose Hamiltonian (4) has parameter vahiesC = 1 andB = 0, and is

(8)
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with o counted modulo # to cover the two values of the metaplectic sign. The Fresnel trans-
formation of free flight in a homogeneous medium has the Hamiltonian (4) itk 1 and
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Finally, a repulsive fiber correspondsAo= —C = 1 andB = 0; its integral kernel is

1 ( . x?cosho — 2xx 4 x? cosha)
B eXp —I1 B . (10)
V2i 7 sinha 2 sinha

The subindex e,p,h of the three previous kernels distinguishes between the elliptic, parabolic,
and hyperbolic one-parameter subgroups of all paraxial optical systems. Any other system can be
obtained from them through similarity; for example, multiplication by a quadratic phase fécter (
B = 0 andC = 1) is obtained through Fourier transformation of the parabolic kernel (9), and
scaling A = C = 0 andB = 1) by the square root of the Fourier transform of the hyperbolic
kernel (10). Yet these two canonical transforms areimegral transforms; their kernels reduce to
Diracé’s and the signal is multiplied by the factor and rescaled.

In (7) we differentiated), () with respect tax at the origin & = 0) and obtained up to second
derivatives ofyr (x). We now differentiate its absolute square,
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and arrive at
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4. Reconstruction of the phase

We recognize in Egs. (2) and (11) the common subexpressjox) ¥, (X) — ¥ (X)¥.,(X), SO we
combine them to obtain
d[ADPX) + BX[Yy () 8|y (x)|?
dx N da |,

(12)

This equation relates the transversal derivative of the signal intensity with respect to the space
variablex, and the derivative of this intensity with respect to the canonical transform parameter
.

Assuming that Ap(x) + Bx]|¥(X)|> — 0 for x — 400, and noting that due to the unitarity
of the canonical transformatidi(«) the Parseval relation holds [15, Eq. (9.11)],
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we integrate Eq. (12) ovex. This yields
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where y¢) is the unit step function [§) = 1 for& > 0 and &) = 0 for & < 0] related to the
sign function through sgf) = 2u(¢) — 1; the difference between the twe {) does not change
the value of the integral due to Eq. (13).

We consider Eq. (14) to be our main result, because it relates the phase derivative of the signal,
P(x) in (1), with a convolution integral of the derivative of the signal intengity(x)|2 with respect
to the evolution parameter, in a medium characterized by the generic Hamiltonian (4). As in
Ref. 3 two signal intensitie$y.. (x)|?> measured at two screens separated &will provide the
numerical value of the right-hand side of Eq. (14) and of their average

WOOP = 30 + [ (01D,  e< 1
This allows the numerical determination of the local frequency by

B 1 [ [ OP = [Yee (XD
PO~ = Xt o /_oo 2

The integration of (1) recovers the signal phase (up to an overall constant) thgggh=

fx P(X) dx'. In Ref!® the validity of the approximation (15) in the neighborhood of the zeros of

| (x)|? is examined in several numerical examples. Since only square moduli appear in all expres-
sions, the metaplectic sign of the canonical transforms is irrelevant.

We note the absence 6f, the Hamiltonian parameter associated to the refractive index, in the
left-hand side of (14); comparison with the classical form (3) shows that the determination of the
signal phase is the same whether the medium be harmonic, repulsive, or free (Fourier, hyperbolic or
Fresnel transform intervening). The paramdef the scaling term of the Hamiltonian does appear
in that left-hand side; when present, Eq. (15) shows that it will only chirp the local frequERgy
by —Bx/A. Thus we see that to determine the local frequency of a signal from two intensities it
is only necessary that the canonical transform be generated by a Hamiltonian with a nakzero
free-flight term.

sgnx — x') dx’. (15)

5. Conclusion

In this paper we have established the relation (14) between the local frequency of a signal and
the derivative of the squared modulus of any one-parameter subgroup line of canonical transforms
of an optical signal, including the previously known Fourier and Fresnel cases. This allows us to
reconstruct the phase of a signal by measuring two intensity profiles at two close values of the free-
flight parameter, in two-dimensional optical fibers of any refractive index —harmonic, repulsive or
free. Scaling terms in the ruling Hamiltonian lead to chirping in the frequency; multiplication of the
signal by quadratic phases has of course no effect.
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