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4.8 WIGNER DISTRIBUTION AND FRACTIONAL FOURIER
TRANSFORM®

4.8.1 Time-Frequency Representations

A Fourier transformation maps a one-dimensional time signal x(¢) into a one-
dimensional frequency function X 5(f), the signal spectrum. Although the Fourier
transform (FT) provides the signal’s spectral content, it fails to indicate the time
location of the spectral components, which is important, for example, when we
consider non-stationary or time-varying signals. In order to describe these signals,
time-frequency representations (TFRs) are used. A TFR maps a one-dimensional
time signal into a two-dimensional function of time and frequency. In this article
we consider the fractional FT, which belongs to the class of linear TFRs, and
establish its connection to the Wigner distribution (WD), which is one of the most
widely used quadratic TFRs in electrical engineering. In particular we will use the
Radon-Wigner transform (RWT), which relates projections of TFRs to the squared
modulus of the fractional FT, and we will show that all frequently used moments of
the WD can be obtained from the RWT in an optimal way. Moreover, we introduce
some fractional FT moments that can be useful for signal analysis.

4.8.2 Wigner Distribution and Ambiguity Function
The Wigner distribution is defined as [6, Chapter 12]

We(t, f) / x(t+ %T) x*(t — %7’) exp(—j2mfr)dr

— 00

(4.8.1)

oo
/ Xopo(f + 3v) 22— 1v) exp (j2mut) dv,

where z(t) is a time signal and X, /5(f) its FT. The WD is always real-valued,
but not necessarily positive; it preserves time and frequency shifts, and satisfies
the marginal properties, which means that the frequency and time integrals of
the WD, [ W, (¢, f)df and [ W,(t, f)dt, correspond to the signal’s instantaneous
power |z(t)|? and its spectral energy density | X, o(f)[?, respectively. The WD can
roughly be considered as the signal’s energy distribution over the time-frequency
plane, although the uncertainty principle prohibits the interpretation as a point
time-frequency energy density.

If in Eqgs. (4.8.1) the integrations are carried out over the common variable
(t or f) instead of over the difference variable (7 or v), we get the ambiguity
function A,(7,v), which is related to the WD by means of a Fourier transformation
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[6, Chapter 12]:
Agy(r,v) = / / W, (t, f) exp[—j2n(vt — fr)] dt df. (4.8.2)
The ambiguity function (AF) is another widely-used quadratic TFR.

4.8.3 Fractional Fourier Transform

The fractional Fourier transform of a signal x(t) is defined as [1], [5]
Xo(u) = R [2(t)] (u) = / K (0t u) 2(t) dt, (4.8.3)

where the kernel K (o, t,u) is given by

o1 2 2
exp(jsa t sa — Qut
Kot = S22 o () eosa 220l ey ). (a4
Visina sin «
The fractional FT with parameter o can be considered as a generalization of
the ordinary FT; thus the fractional FT for o = %7? and o = —%W reduces to

the ordinary and inverse FT, respectively. For a = 0 the fractional FT corre-
sponds to the identity operation, Xo(u) = R°[z(t)](u) = x(u), and for a = +7
to the axis reversal operation, Xi.(u) = R*¥"[z(t)](u) = z(—u). With respect
to the parameter a, the fractional FT is continuous, periodic [R*T?™ = R,
with n an integer] and additive [R*R? = R®*F], and has the symmetry relation
R¥[z*(t)](w) = {R™*[z(¢)](u)}*. The inverse fractional FT can thus be written as

z(t) = R™¥ [ Xa(uw)] (t) = /_OO K(—a,t,u) X, (u) du. (4.8.5)

Since the Hermite-Gauss functions WU, (t) = (2"~1/2n!)~1/2 exp(—nt?) H,(v/27t),
with H,(t) the Hermite polynomials, are eigenfunctions of the fractional FT with
eigenvalues exp(—jna), and since they compose a complete orthonormal set, it is
possible to write the fractional FT kernel in the alternative form

K(a,t,u) = exp(—jna) ¥, (t) ¥, (u). (4.8.6)

n=0

The important property of the fractional FT, which allows us to establish
a connection between it and the WD, the AF, and other members of Cohen’s
class [6, Chapter 12] of quadratic TFRs, is that a fractional Fourier transformation
produces a rotation of these functions in the time-frequency plane [1]:

x(t) — Wo(t,f) and A,(r,v)
| fractional FT | rotation of WD and AF

Xo(t) =R [x] — Wx_(t,f)=Wy(tcosa — fsina,tsina+ fcosa) and
Ax, (1,v) = Ag(Tcosa — vsina, Tsina + v cos ).
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Table 4.1: Fractional Fourier transform properties

Linearity:
R [ax(t) + by ()] (u) = aR [x(t)] (u) + R [y ()] (u)

Parseval’s equality:

/O; 2(t)y*(t) dt = /Z X (1) Y () du

Shift theorem (real 7):
R [z(t — 7)] (u) = Xo(u — Tcosa) exp [jmsina (72 cos o — 2ur) |

Modulation theorem (real v):

R [x(t) exp(j2mvt)] (u) = Xo(u — vsina) exp [—jmcosa (12

sino — 2u1/)}

Scaling theorem (real ¢ and 3, where tan 3 = c? tan a):

R [a(et)] (u) = 1/ =2 exp (]"‘2—5) exp {W cobar <1 _ cos? ﬂ)}

cos cos? o
u sin ﬁ)
- 9

XXﬁ

¢ sin «

Hence, we conclude that Wx_ (u,v) = W,(¢, f), where the coordinates (u, v) in the
rotated frame are related to (¢, f) via the matrix relationship

()= (i) (4, .

A gimilar relation holds for the AF.
The main properties of the fractional FT are listed in Table 4.1, and the
fractional FT of some common functions are given in Table 4.2.

4.8.4 Fractional Power Spectrum and Radon-Wigner Transform

If we introduce the fractional power spectrum | X, (t)|* as the squared modulus of
the corresponding fractional FT, we obtain that these fractional power spectra are
the projections of the WD upon a direction at an angle « in the time-frequency

plane [2],

| Xo (8] = /700 Wx, (t, f)df = /700 Wy(tcosa — fsina, tsina + fcosa) df,
(4.8.8)



Table 4.2: Fractional Fourier transforms of some common functions

1
5t — 1) exp.(jéa) exp |jm (12 + uz).cosa — 2ut
Visina sin a

exp(j2mtv) L(p(j%a) exp [—jm(v? + u?) tan a + j2muv sec a

P Veosa

1
‘ exp(jzo) ( 5 c—tana >

exp (jemt? V2 exp | dnu

p(j ) vecosa + csina P\ 14+ ctana

H, (vV2rt) exp(—nt?) | H,(V27u) exp(—mu?) exp(—jna),
H,, are the Hermite polynomials

i1 s 2 2
exp(js 2 _ 1) cotar —
exp (—emt?) (¢ > 0) p(]2~ ) exp 7ru2‘7(C ) co a2 cose @
y/cosa + jecsin o c? + cot’

and that they are related to the AF by a Fourier transformation:

o0
X, ()] = / Az (fsina, —f cosa) exp(—j2r ft) df. (4.8.9)
— 00

The set of fractional power spectra for the angles « € [0,7) is called the Radon-
Wigner transform, because it defines the Radon transform [6, Chapter 8] of the
WD. The WD can be obtained from the RWT by applying an inverse Radon trans-
formation. Note also that the AF can be reconstructed from the RWT by a simple
inverse Fourier transformation, see Eq. (4.8.9), and that other members of Cohen’s
class of TFRs can be constructed subsequently.

The RWT can be considered as a quadratic TFR of z(¢), which has very advan-
tageous properties. It is positive, invertible up to a constant phase factor, and
ideally combines the concepts of the instantaneous power |z(¢)|?> and the spectral
energy density |X,/2(f)[>. The association of the RWT with the power distribu-
tions allows its direct measurement in optics and quantum mechanics, which opens
new perspectives for optical signal processing and quantum state characterization.

4.8.5 Fractional Fourier Transform Moments

The application of the different TFRs often depends on how informative their
moments are and how easily these moments can be measured or calculated. The
established connection between the WD and the RWT permits to find an optimal
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way for the calculation of the known WD moments and to introduce fractional FT
moments that can be useful for signal analysis.
By analogy with time and frequency moments [3],

/_Zt" ()| dt = / / L(t, f) dt df
/:}"”|X,r/2(f)|2 df / / [ Wo(t, f)dtdf = / / "W, ,(t, f)dtdf,

the fractional FT moments can be introduced:

1 > n a a " *
a0 (o o) et Xt

t1=ta=t

dt = / / " W (¢, f) dt df.

The zero-order fractional FT moment F,

E:/_O; | Xa(t)? dt:/_i/_o:o Wxa(t,f)dtdf:/_z lz(t)]® dt,  (4.8.10)

is invariant under fractional Fourier transformation, which expresses the energy
conservation law of a unitary transformation, also known as Parseval’s relation.
The normalized first-order fractional FT moment m,,,

1 o0 1 o0 o]

Mo = —/ 1 Xa ()] dt = —/ / t W (t, f) dt df, (4.8.11)
E — 00 E — 00 — 00 “

is related to the center of gravity of the fractional power spectrum. One can write

the simple connection

Mg = Mg COS O + My /o SiN € (4.8.12)

between the first-order fractional FT moments. It is easy to see that the pair
(Ma, Magry2) 18 connected to (mo,mr/2) through the rotation transformation
(4.8.7), and that m2 + m?2 trje = = m§ + m?2 , is invariant under fractional Fourier
transformation. The fractional domain corresponding to the zero-centered fractional
power spectrum can be found as tan o = —mg/m /2.

The normalized second-order central fractional FT moment p,,

b= g [ om0 =g [ [ ma W ey
) % /oo /oo 2 Wx, (t, f)dtdf —m?, (4.8.13)

is related to the effective width of the signal in the fractional FT domain. The



normalized mized second-order central fractional FT moment p, is given by

e = % / / (t = ma) (f = Magnys) W, (t, f) dt df

_ % / / t W, (£ F) dtdf — mamean (4.8.14)
1 [ [0Xa(t) . DX (1)
= B ./700 { 5 XE(t) — Xo(t) ot tdt —maMagr/2-

The following relationships between the second-order fractional FT moments
hold:

Pa = pocos®a+ D)2 sin? a 4 pg sin 2

’ 4.8.15
Lo = —%(po — Px/2) Sin 2a + 1o cos 2. ( )

In general all second-order moments p, and p, can be obtained from any three
second-order moments p, taken for three different angles a from the region [0, 7).
The mixed moment 1, for instance, can be expressed as po = —%(po +Dr/2) +Pr /s
From Egs. (4.8.15) we conclude that the sum of the signal widths in the time
and the frequency domain is invariant under fractional Fourier transformation:

Do + Patn/2 = Do + Pr/2- (4.8.16)

Note also that the fractional domain corresponding to the extremum signal width
Po can be found by solving the equation tan 2a = 24u0/(po — px/2), i-€., pia = 0. Due
to the invariance relationship (4.8.16), the solution of this equation corresponds to
the domain with the smallest p, and the largest p, /2, or vice versa.

For the product of the signal widths we find

2 . .
PaPatr/2 = PoPrj2 + + [(Po —Prj2) — 4/!%} sin® 200 — 2410 (Po — P j2) sinda,
(4.8.17)

which expression is, in general, not invariant under fractional Fourier transfor-
mation; invariance does occur, for instance, in the case of eigenfunctions of the
Fourier transformation, g(t), say, for which G /2(t) = exp(—jngm) Gu(t) [cf. the
eigenvalues exp(—jna) in Eq. (4.8.6)], in which case po = po = pr/2 and po = 0.
Note that, due to the uncertainty principle, we have papo4r/2 > %. The fractional
FT domain where the product papa~/2 has an extremum value can be found by
solving the equation tanda = 440 (po — Pr2)/[(P0 — Prj2)?® — 443].

From Eqs. (4.8.15) we finally conclude the following property for the mixed
moment f[iq:

Ha = %(pa+ﬂ'/4 _p(x—‘fr/4) = ~Matr/2- (4818)

The fractional FT moments may be helpful in the search for the most appropriate
fractional domain to perform a filtering operation; in the special case of noise that is
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equally distributed throughout the time-frequency plane, for instance, the fractional
domain with the smallest signal width is then evidently the most preferred one.
Instead of global moments, which we considered above, one can consider local
fractional FT moments, which are related to such signal characteristics as the instan-
taneous power and instantaneous frequency (for « = 0) or the spectral energy
1

density and group delay (for a = 57) in the different fractional FT domains.

The local frequency in the fractional FT domain with parameter « is defined as

T W (6 ) d
Ux (,«>_/-oof whT i
a\Y) T [S) - 2
I R

sgn (1 —t) dr.
B=«a

(4.8.19)

The local frequency Ux, (t) is related to the phase ¢, (t) = arg X,(t) of the
fractional FT X, (¢) through Ux_(t) = (1/27)dpa(t)/dt. This implies that the
derivative of the fractional power spectra with respect to the angle « defines the
local frequency in the fractional domain, and that it can be used for solving the
phase retrieval problem by measuring intensity functions only.

We finally mention the relationship between the central local fractional second-
order moment and the instantaneous power in the fractional FT domain:

[ U O W (6 D L2 In | Xa (1)

Vi (t) = 1 2

© (4.8.20)
[ W, (t, f) df

We conclude that all frequently used moments of the WD can be obtained from
the RWT.

4.8.6 Applications

The fractional FT and the WD are applied in such diverse fields as quantum
mechanics, optics, and signal processing [2], [3], [6], [7]-

The wide application of the fractional FT in optics is based on the fact that —in
the paraxial approximation of the scalar diffraction theory — it describes the optical
field evolution during propagation through a quadratic refractive index (lens-like)
medium. The RWT, associated with the intensity distributions, is used in particular
for the reconstruction of the WD and subsequently of the complex field amplitude
(in the case of coherent light) or the two-point correlation function (in the case of
partially coherent light).

In signal processing the RWT was primarily developed for detection and classi-
fication of multi-component linear FM signals in noise [7]. Since the fractional FT
of the chirp-type signal exp(—jnt?/tan 3) reads

exp(jza) /sin B/ sin(B — @) exp[—jmu’/ tan(s — o)),



it becomes proportional to a Dirac-function 6(u) for « — 3, and it can be detected
as a local maximum on the RWT map. Analogously, in order to remove chirp-type
noise, a notch filter, which minimizes the signal information loss, can be placed at
the proper point of the corresponding fractional FT domain [2].

Instead of performing, as usual, filtering operations in the frequency or the time
domain, it can be done in a more appropriate fractional domain, for instance, the
one that corresponds to the best signal /noise time-frequency separation [2].

The complexity of computation for the fractional FT is O(N log N) [4], where
N is the time-bandwidth product of the signal.

4.8.7 Summary and Conclusions

We have described the relationship between the fractional Fourier transform and
the Wigner distribution by using the Radon-Wigner transform, which is a set of
projections of the Wigner distribution as well as a set of squared moduli of the
fractional Fourier transform. We have introduced the concept of fractional Fourier
transform moments and have proposed a way for the calculation of the well-known
global and local moments of the Wigner distribution, based on the knowledge of
a few fractional power spectra. The application of the results in optics and signal
processing has been discussed briefly.
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