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Abstract— The connection between the Wigner distribu-
tion and the squared modulus of the fractional Fourier
transform – which are both well-known time-frequency rep-
resentations of a signal – is established. In particular the
Radon-Wigner transform is used, which relates projections
of the Wigner distribution to the squared modulus of the
fractional Fourier transform. Moments of the Wigner dis-
tribution are then expressed in terms of moments of the
fractional Fourier transform. Relations for the fractional
Fourier transform moments are derived, and some new pro-
cedures are presented with the help of which Wigner distri-
bution moments can be determined by using the fractional
Fourier transform.
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I. I NTRODUCTION

A Fourier transformation maps a one-dimensional time
signal x(t) into a one-dimensional frequency function
Xπ/2(f), the signal spectrum. Although the Fourier trans-
form (FT) provides the signal’s spectral content, it fails
to indicate the time location of the spectral components,
which is important, for example, when we consider non-
stationary or time-varying signals. In order to describe
these signals, time-frequency representations (TFRs) are
used. A TFR maps a one-dimensional time signal into a
two-dimensional function of timeand frequency. In this
paper we consider the fractional FT, which belongs to the
class oflinear TFRs, and establish its connection to the
Wigner distribution (WD), which is one of the most widely
usedquadraticTFRs in electrical engineering. In particu-
lar we will use the Radon-Wigner transform (RWT), which
relates projections of TFRs to the squared modulus of the
fractional FT.

Since the application of the different TFRs often de-
pends on how informative their moments are and how eas-
ily these moments can be measured or calculated, it is
worthwhile to look for ways in which the moments can
be determined. The connection between the WD and the

RWT permits to find an optimal way for the calculation
of the known WD moments and permits to introduce frac-
tional FT moments that can be useful for signal analysis.
We conclude that all frequently used moments of the WD
can be obtained from the RWT.

II. W IGNER DISTRIBUTION AND AMBIGUITY

FUNCTION

TheWigner distributionis defined as [1, Chapter 12]

Wx(t, f)

=
∫ ∞
−∞

x(t + 1
2τ)x∗(t− 1

2τ) exp(−j2πfτ)dτ

=
∫ ∞
−∞

Xπ/2(f + 1
2ν)X∗

π/2(f − 1
2ν) exp (j2πνt)dν,

(1)
wherex(t) is a time signal andXπ/2(f) its FT. The WD
is always real-valued, but not necessarily positive; it pre-
serves time and frequency shifts, and satisfies the marginal
properties, which means that the frequency and time in-
tegrals of the WD,

∫
Wx(t, f)df and

∫
Wx(t, f)dt, cor-

respond to the signal’s instantaneous power|x(t)|2 and
its spectral energy density|Xπ/2(f)|2, respectively. The
WD can roughly be considered as the signal’s energy dis-
tribution over the time-frequency plane, although the un-
certainty principle prohibits the interpretation as a point
time-frequency energy density.

If in Eqs. (1) the integrations are carried out over the
common variable (t or f ) instead of over the difference
variable (τ or ν), we get theambiguity functionAx(τ, ν),
which is related to the WD by means of a Fourier transfor-
mation [1, Chapter 12]:

Ax(τ, ν) =
∫ ∞
−∞

∫ ∞
−∞

Wx(t, f) exp[−j2π(νt− fτ)]dtdf.

(2)
The ambiguity function (AF) is another widely-used
quadratic TFR.



III. F RACTIONAL FOURIER TRANSFORM

The fractional Fourier transformof a signalx(t) is de-
fined as [2], [3]

Xα(u) =Rα [x(t)] (u) =
∫ ∞
−∞

K(α, t, u)x(t)dt, (3)

where the kernelK(α, t, u) is given by

K(α, t, u) =
exp(j 1

2α)√
j sinα

exp

(
jπ

(t2 + u2) cosα− 2ut

sinα

)
= K(α,u, t). (4)

The fractional FT with parameterα can be considered
as a generalization of the ordinary FT; thus the frac-
tional FT for α = 1

2π and α = −1
2π reduces to the or-

dinary and inverse FT, respectively. Forα = 0 the frac-
tional FT corresponds to the identity operation,X0(u) =
R0[x(t)](u) = x(u), and forα = ±π to the axis reversal
operation,X±π(u) = R±π[x(t)](u) = x(−u). With re-
spect to the parameterα, the fractional FT is continuous,
periodic [Rα+2πn = Rα, with n an integer] and additive
[RαRβ = Rα+β ]. The inverse fractional FT can thus be
written as

x(t) =R−α [Xα(u)] (t) =
∫ ∞
−∞

K(−α, t, u)Xα(u)du.

(5)
Since the Hermite-Gauss functionsΨn(t) =
(2n−1/2n!)−1/2 exp(−πt2)Hn(

√
2πt), with Hn(t)

the Hermite polynomials, are eigenfunctions of the
fractional FT with eigenvaluesexp(−jnα), and since
they compose a complete orthonormal set, it is possible to
write the fractional FT kernel in the alternative form

K(α, t, u) =
∞∑

n=0

exp(−jnα)Ψn(t)Ψn(u) = K(α,u, t).

(6)
The important property of the fractional FT, which al-

lows us to establish a connection between it and the WD,
the AF, and other members of Cohen’s class [1, Chap-
ter 12] of quadratic TFRs, is that a fractional Fourier trans-
formation produces arotation of these functions in the
time-frequency plane [2]:

x(t) ←→ Wx(t, f) and Ax(τ, ν)

↓ fractional FT ↓ rotation of WD and AF

Xα(t) =Rα [x] ←→ WXα(t, f) and AXα(τ, ν),

with WXα(t, f) = Wx(t cosα− f sinα, t sinα + f cosα)
andAXα(τ, ν) = Ax(τ cosα− ν sinα, τ sinα + ν cosα).

Hence, we conclude thatWXα(u, v) = Wx(t, f), where
the coordinates(u, v) in the rotated frame are related to
(t, f) via the matrix relationship(

u
v

)
=

(
cosα sinα
− sinα cosα

)(
t
f

)
. (7)

A similar relation holds for the AF.
The main properties of the fractional FT are listed in

Table 1, and the fractional FT of some common functions
are given in Table 2.

IV. FRACTIONAL POWER SPECTRUM AND

RADON-WIGNER TRANSFORM

If we introduce thefractional power spectrum|Xα(t)|2
as the squared modulus of the corresponding fractional FT,
we obtain that these fractional power spectra are the pro-
jections of the WD upon a direction at an angleα in the
time-frequency plane [4],

|Xα(t)|2 =
∫ ∞
−∞

Wx(t cosα−f sinα, t sinα+f cosα)df,

(8)
and that they are related to the AF by a Fourier transfor-
mation:

|Xα(t)|2 =
∫ ∞
−∞

Ax(f sinα,−f cosα) exp(−j2πft)df.

(9)
The set of fractional power spectra for the anglesα ∈ [0, π)
is called theRadon-Wigner transform, because it defines
the Radon transform [1, Chapter 8] of the WD. The WD
can be obtained from the RWT by applying an inverse
Radon transformation. Note also that the AF can be recon-
structed from the RWT by a simple inverse Fourier trans-
formation, see Eq. (9), and that other members of Cohen’s
class of TFRs can be constructed subsequently.

The RWT can be considered as a quadratic TFR ofx(t),
which has very advantageous properties. It is positive, in-
vertible up to a constant phase factor, and ideally combines
the concepts of the instantaneous power|x(t)|2 and the
spectral energy density|Xπ/2(f)|2. The association of the
RWT with the power distributions allows its direct mea-
surement in optics and quantum mechanics, which opens
new perspectives for optical signal processing and quan-
tum state characterization.

V. FRACTIONAL FOURIER TRANSFORM MOMENTS

The application of the different TFRs often depends on
how informative their moments are and how easily these
moments can be measured or calculated. The established
connection between the WD and the RWT permits to find



an optimal way for the calculation of the known WD mo-
ments and permits to introducefractional FT momentsthat
can be useful for signal analysis.

By analogy with time and frequency moments [5],∫ ∞
−∞

tn |x(t)|2 dt =
∫ ∞
−∞

∫ ∞
−∞

tnWx(t, f)dtdf∫ ∞
−∞

fn
∣∣∣Xπ/2(f)

∣∣∣2 df =
∫ ∞
−∞

∫ ∞
−∞

fnWx(t, f)dtdf,

the fractional FT moments can be introduced:∫ ∞
−∞

tn |Xα(t)|2 dt

=
∫ ∞
−∞

∫ ∞
−∞

tnWx(t cosα−f sinα, t sinα+f cosα)dtdf.

Thezero-orderfractional FT momentE,

E =
∫ ∞
−∞
|Xα(t)|2 dt =

∫ ∞
−∞

∫ ∞
−∞

Wx(t, f)dtdf

=
∫ ∞
−∞
|x(t)|2 dt, (10)

is invariant under fractional Fourier transformation, which
expresses the energy conservation law of a unitary trans-
formation, also known as Parseval’s relation.

The normalizedfirst-order fractional FT momentmα,

mα =
1
E

∫ ∞
−∞

t |Xα(t)|2 dt

=
1
E

∫ ∞
−∞

∫ ∞
−∞

tWx(t cosα− f sinα,

t sinα + f cosα)dtdf, (11)

is related to the center of gravity of the fractional power
spectrum. One can write the simple connection

mα = m0 cosα + mπ/2 sinα (12)

between the first-order fractional FT moments. It is easy to
see that the pair (mα,mα+π/2) is connected to (m0,mπ/2)
through the rotation transformation (7), and thatm2

α +
m2

α+π/2 = m2
0 +m2

π/2 is invariant under fractional Fourier
transformation. The fractional domain corresponding to
the zero-centered fractional power spectrum can be found
astanα = −m0/mπ/2.

The normalizedsecond-orderfractional FT moments
wα,

wα =
1
E

∫ ∞
−∞

t2 |Xα(t)|2 dt

=
1
E

∫ ∞
−∞

∫ ∞
−∞

t2Wx(t cosα− f sinα,

t sinα + f cosα)dtdf, (13)

is related to the effective width of the signal in the frac-
tional FT domain. The normalizedmixed second-order
fractional FT moments are given by

µα =
1
E

∫ ∞
−∞

∫ ∞
−∞

tfWx(t cosα− f sinα,

t sinα + f cosα)dtdf

=
1

4πjE

∫ ∞
−∞

[
X∗

α(t)
∂Xα(t)

∂t

−Xα(t)
∂X∗

α(t)
∂t

]
tdt. (14)

The following relationships between the second-order
fractional FT moments hold:

wα = w0 cos2 α + wπ/2 sin2 α− µ0 sin2α

µα = 1
2(w0 −wπ/2) sin2α + µ0 cos 2α.

(15)

In general all second-order momentswα and µα can be
obtained from any three second-order momentswα taken
for three different anglesα from the region[0, π). The
mixed momentµ0, for instance, can be expressed asµ0 =
1
2(w0 + wπ/2)−wπ/4.

From Eqs. (15) we conclude that the sum of the signal
widths in the position and the Fourier domain is invariant
under fractional Fourier transformation:

wα + wα+π/2 = w0 + wπ/2. (16)

We also conclude that the fractional domain corresponding
to the extremum signal widthwα, can be found by solv-
ing the equationtan2α = −2µ0/(w0−wπ/2). Due to the
invariance relationship (16), the solution of this equation
corresponds to the domain with the smallestw0 and the
largestwπ/2, or vice versa.

For the product of the signal widths we find

wαwα+π/2 = w0wπ/2

+1
4

[(
w0 −wπ/2

)2
− 4µ2

0

]
sin2 2α

+1
2µ0

(
w0 −wπ/2

)
sin4α, (17)

which expression is, in general, not invariant under frac-
tional Fourier transformation; invariance does occur, for
instance, in the case of eigenfunctions of the Fourier trans-
formation g(t) with Gα+π/2(t) = exp(−j 1

2π)Gα(t), for
which wα = w0 = wπ/2 andµα = 0. Note that, due to
the uncertainty principle, we havewαwα+π/2 ≥ 1

4 . The
fractional FT domain where the productwαwα+π/2 has
an extremum value, can be found by solving the equation
tan4α = 4µ0(w0 −wπ/2)/[4µ2

0 − (w0 −wπ/2)2].
From Eq. (15) we finally conclude the following prop-

erty for the mixed momentµα:

µα = 1
2(wα−π/4 −wα+π/4) = −µα±π/2. (18)



Instead ofglobalmoments, which we considered above,
one can considerlocal fractional FT moments, which are
related to such things as the instantaneous power and in-
stantaneous frequency (forα = 0) or the spectral energy
density and group delay (forα = 1

2π) in the different frac-
tional FT domains.

The local frequency in the fractional FT domain with
parameterα is defined as

UXα(t)

=

∫ ∞
−∞

fWx(t cosα− f sinα, t sinα + f cosα)df∫ ∞
−∞

Wx(t cosα− f sinα, t sinα + f cosα)df

=
1

2 |Xα(t)|2
∫ ∞
−∞

∂|Xβ(τ)|2

∂β

∣∣∣∣∣
β=α

sgn(τ − t)dτ. (19)

The local frequencyUXα(t) is related to the phaseϕα(t) =
argXα(t) of the fractional FTXα(t) throughUXα(t) =
(1/2π)dϕα(t)/dt. This implies that the derivative of the
fractional power spectra with respect to the angleα de-
fines the local frequency in the fractional domain, and that
it can be used for solving the phase retrieval problem by
measuring intensity functions only.

We finally mention the relationship between the cen-
tral local fractional second-order moment and the instan-
taneous power in the fractional FT domain:

VXα(t) =

∫ ∞
−∞

[f −UXα(t)]2 fWx(t cosα− f sinα, t sinα + f cosα)df∫ ∞
−∞

Wx(t cosα− f sinα, t sinα + f cosα)df
=−1

4

d2 ln |Xα(t)|2

dt2
. (20)

We conclude that all frequently used moments of the
WD can be obtained from the RWT. The fractional FT mo-
ments may be helpful in the search for the most appropriate
fractional domain to perform a filtering operation; in the
special case of noise that is equally distributed throughout
the time-frequency plane, for instance, the fractional do-
main with the smallest signal width is then evidently the
most preferred one.

VI. A PPLICATIONS

The fractional FT and the WD are applied in such di-
verse fields as quantum mechanics, optics, and signal pro-
cessing [1], [4], [5], [6].

The wide application of the fractional FT in optics is
based on the fact that – in the paraxial approximation of
the scalar diffraction theory – it describes the optical field
evolution during propagation through a quadratic refrac-
tive index (lens-like) medium. The RWT, associated with

the intensity distributions, is used in particular for the re-
construction of the WD and subsequently of the complex
field amplitude (in the case of coherent light) or the two-
point correlation function (in the case of partially coherent
light).

In signal processing the RWT was primarily developed
for detection and classification of multi-component linear
FM signals in noise [6]. Since the fractional FT of the
chirp-type signalexp(−jπt2/ tanβ) reads

exp(j 1
2α)

√
sinβ/ sin(β − α) exp[−jπu2/ tan(β − α)],

it becomes proportional to a Dirac-functionδ(u) for α→
β, and it can be detected as a local maximum on the RWT
map. Analogously, in order to remove chirp-type noise, a
notch filter, which minimizes the signal information loss,
can be placed at the proper point of the corresponding frac-
tional FT domain [4].

Instead of performing, as usual, filtering operations in
the frequency or the time domain, it can be done in a more
appropriate fractional domain, for instance, the one that
corresponds to the best signal/noise time-frequency sepa-
ration [4].

The complexity of computation for the fractional FT is
O(N logN) [7], whereN is the time-bandwidth product
of the signal.
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Table 1: Fractional Fourier transform properties

Linearity:
Rα [ax(t) + by(t)] (u) = aRα [x(t)] (u) + bRα [y(t)] (u)

Parseval’s equality: ∫ ∞
−∞

x(t)y∗(t)dt =
∫ ∞
−∞

Xα(u)Y ∗α (u)du

Shift theorem (realτ ):
Rα [x(t− τ)] (u) = Xα(u− τ cosα) exp

(
jπ sinα

(
τ2 cosα− 2uτ

))
Modulation theorem (realν):
Rα [x(t) exp(j2πνt)] (u) = Xα(u− ν sinα) exp

(
−jπ cosα

(
ν2 sinα− 2uν

))
Scaling theorem (realc andβ):

Rα [x(ct)] (u) =

√
cosβ

cosα

exp(j 1
2α)

exp(j 1
2β)

exp

(
jπu2 cotα

(
1− cos2 β

cos2 α

))
Xβ

(
u

c

sinβ

sinα

)
,

wheretanβ = c2 tanα

Table 2: Fractional Fourier transforms of some common functions

x(t) Xα(u)

δ(t− τ)
exp(j 1

2α)√
j sinα

exp

(
jπ

(τ2 + u2) cosα− 2uτ

sinα

)

exp(j2πtν)
exp(j 1

2α)
√

cosα
exp

(
−jπ(ν2 + u2) tanα + j2πuν secα

)

exp
(
jcπt2

) exp(j 1
2α)√

cosα + c sinα
exp

(
jπu2 c− tanα

1 + c tanα

)

Hn(
√

2πt) exp(−πt2) Hn(
√

2πu) exp(−πu2) exp(−jnα), Hn are the Hermite polynomials

exp
(
−cπt2

)
(c ≥ 0)

exp(j 1
2α)√

cosα + jc sinα
exp

(
πu2 j(c2 − 1) cotα− c csc2 α

c2 + cot2 α

)


