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Wkh prvw lpsruwdqw wlph0iuhtxhqf| uhsuhvhqwdwlrqv/
vxfk dv wkh vshfwurjudp dqg wkh Zljqhu glvwulexwlrq/ eh0
orqj wr wkh Frkhq fodvv ri glvwulexwlrqv ^4`1 Lq wkh uhdol}d0
wlrqv dqg dssolfdwlrqv ri glvwulexwlrqv iurp wklv fodvv/ wkhuh
duh vhyhudo zhoo0nqrzq xqghvluhg h�hfwv/ vxfk dv furvv0
whupv/ lqqhu lqwhuihuhqfhv/ uhvroxwlrq/ dqg qrlvh lq�xhqfh
^5`/ ^6`1 Wkh uhdvvljqphqw phwkrg zdv lqwurgxfhg lq ru0
ghu wr lpsuryh uhdgdelolw| ri wlph0iuhtxhqf| glvwulexwlrqv
^7`1 Lw fdq eh khosixo iru vljqdo sdudphwulf lghqwl�fdwlrq
lq d kljk0qrlvh hqylurqphqw ^8`1 Wkh pdlq sureohp wkdw
h{lvwv lq wkh uhdol}dwlrq ri uhdvvljqhg glvwulexwlrqv lv wkhlu
qxphulfdo frpsoh{lw|1 Qdpho|/ lq rughu wr jhw wkh uhdv0
vljqhg irup ri d glvwulexwlrq/ lw lv qhfhvvdu| wr fdofxodwh
wkuhh wlph0iuhtxhqf| glvwulexwlrqv lqvwhdg ri rqh1 Vhyhudo
dwwhpswv kdyh ehhq pdgh lq wkh gluhfwlrq ri uhgxflqj wkh
fdofxodwlrq frpsoh{lw|1 D vlpsol�hg irup ri uhdvvljqhg glv0
wulexwlrqv lv sursrvhg lq ^9`1 Uhfxuvlyh uhdol}dwlrqv ri uhdv0
vljqhg glvwulexwlrqv kdyh ehhq frqvlghuhg lq ^:`1 Wkh dlp
ri wklv sdshu lv wr suhvhqw pxowlglphqvlrqdo uhdvvljqhg glv0
wulexwlrqv/ vlqfh pxowlglphqvlrqdo vsdfh2vsdwldo0iuhtxhqf|
dqdo|vlv lv dq lqwhuhvwlqj uhvhdufk duhd ^;`/ ^<`/ ^43`1 Lq jhq0
hudo/ wkh pxowlglphqvlrqdo vljqdo fdvh zloo ixuwkhu lqfuhdvh
wkh frpsxwdwlrqdo frvw ri lpsohphqwlqj uhdvvljqhg glvwul0
exwlrqv/ eh|rqg dq dffhswdeoh ohyho1 Wklv zdv wkh uhdvrq
iru frqvlghulqj d vlpsol�hg uhdvvljqphqw irup/ edvhg rq
wkh pxowlglphqvlrqdo V0phwkrg ^44`/ zklfk fdq hdvlo| eh
uhdol}hg1

Wkh sdshu lv rujdql}hg dv iroorzv1 D uhylhz ri pxowlgl0
phqvlrqdo vsdfh2vsdwldo0iuhtxhqf| wudqvirupdwlrqv lv jlyhq
lq Vhfwlrq LL1 Wkh pxowlglphqvlrqdo uhdvvljqphqw phwkrg lv
ghulyhg lq Vhfwlrq LLL1 Wkh uhdvvljqhg irup ri wkh V0phwkrg
lv lqwurgxfhg lq Vhfwlrq LY1 Lq wklv vhfwlrq d prgl�hg irup
ri wkh uhdvvljqhg V0phwkrg lv lqwurgxfhg/ zklfk xvhv wkh
glvsodfhphqw dorqj vsdfh frruglqdwhv rqo|1 Wkh wkhru| lv
looxvwudwhg rq d qxphulfdo h{dpsoh lq Vhfwlrq Y1
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Pxowlglphqvlrqdo vljqdov dsshdu lq rswlfv/ lpdjh dqg
ylghr surfhvvlqj/ dqg lq qxphurxv rwkhu dssolfdwlrqv1 Zh
ghqrwh d pxowlglphqvlrqdo vljqdo dv {+�w,/ zkhuh �w lv d yhf0
wru ri vsdfh frpsrqhqwv �w @ +w4> w5> ===> wT,/ l1h1/ {+�w, @
{+w

4
> ===> w

T

,1 Wkh Irxulhu wudqvirup ri d pxowlglphqvlrqdo
vljqdo lv gh�qhg dv
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Lw fdq eh zulwwhq dv
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zkhuh �$ lv wkh iuhtxhqf| yhfwru �$ @ +$4> $5> ===> $T,> dqg
zkhuh �$�w uhsuhvhqwv d vfdodu surgxfw=
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w
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w
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Wkh lqyhuvh Irxulhu wudqvirup fdq eh zulwwhq lq wkh iroorz0
lqj irup=

{+�w, @
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+5�,T

]
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[+�$,hm�$
�wg�$= +7,

Vsdfh2vsdwldo0iuhtxhqf| glvwulexwlrqv duh lqwurgxfhg iru
wkh dqdo|vlv ri pxowlglphqvlrqdo vljqdov zlwk vsdfh0ydu|lqj
vshfwudo frqwhqw1 Wkh vlpsohvw vsdfh2vsdwldo0iuhtxhqf|
wudqvirup lv wkh vkruw0wlph Irxulhu wudqvirup gh�qhg dv

VWIW
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]
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{+�w. ��,z�+��,h�m�$�� g��> +8,

zkhuh z+��, @ z+�
4
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T

, uhsuhvhqwv wkh pxowlglphqvlrqdo
zlqgrz ixqfwlrq1 Wkh zlqgrz ixqfwlrq zloo sod| dq lpsru0
wdqw uroh lq wkh uhdvvljqhg glvwulexwlrq/ wkxv lw lv xvhg dv dq
lqgh{ lq VWIW

z

+�w> �$,1 Wkh vshfwurjudp +vtxduhg prgxoxv
ri wkh vkruw0wlph Irxulhu wudqvirup, lv xvhg lq sudfwlfh=
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��5 = +9,

Wkh vshfwurjudp srvvhvvhv vhyhudo gudzedfnv/ vxfk dv
orz frqfhqwudwlrq dqg orz vsdfh2vsdwldo0iuhtxhqf| uhvrox0
wlrq1 Wkhvh duh wkh uhdvrqv iru lqwurgxflqj wkh pxowlgl0
phqvlrqdo Zljqhu glvwulexwlrq=
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Iru d olqhdu iuhtxhqf|0prgxodwhg vljqdo
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wkh Zljqhu glvwulexwlrq lv lghdoo| frqfhqwudwhg dorqj wkh
orfdo iuhtxhqf|=
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Xqiruwxqdwho|/ wkh Zljqhu glvwulexwlrq kdv d vhulrxv gudz0
edfn1 Qdpho|/ iru d pxowlfrpsrqhqw vljqdo

{+�w, @
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{
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+�w,> +43,

lw h{klelwv yhu| hpskdwlf furvv0whupv=
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Wkh vljqdo frpsrqhqwv ZG
pp

+�w> �$,/ p @ 4> ===>P / duh
nqrzq dv dxwr0whupv/ zkloh wkh xqghvluhg frpsrqhqwv
ZG

pq

+�w> �$,> iru p 9@ q> duh wkh furvv0whupv1 Wkh furvv0
whupv fdq pdvn wkh dxwr0whupv dqg pd| pdnh ghwhfwlrq
ri dxwr0whupv dqg hvwlpdwlrq ri vljqdo sdudphwhuv yhu| gli0
�fxow1 Qxphurxv uhgxfhg lqwhuihuhqfh glvwulexwlrqv kdyh
ehhq ghyhorshg lq rughu wr jhw d jrrg wudgh0r� ehwzhhq wkh
frqfhqwudwlrq ri wkh vljqdo*v dxwr0whupv dqg uhgxfwlrq ri
wkh furvv0whupv1 Wkh prvw lpsruwdqw uhgxfhg lqwhuihuhqfh
glvwulexwlrqv ehorqj wr wkh Frkhq fodvv ri glvwulexwlrqv1
Iru pxowlglphqvlrqdo vljqdov wklv fodvv uhdgv
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+46,
zkhuh �+�w> �$, lv wkh nhuqho ixqfwlrq lq wkh vsdfh2vsdwldo0
iuhtxhqf| grpdlq1 Wkh nhuqho ixqfwlrq vshfl�hv wkh glvwul0
exwlrq iurp wkh Frkhq fodvv1 Iru h{dpsoh/ d nhuqho ixqf0
wlrq ri wkh irup

�+�w> �$, @ZG
z

+�w> �$,> +47,

zkhuhZG
z

+�w> �$, lv wkh Zljqhu glvwulexwlrq ri wkh zlqgrz
ixqfwlrq/

ZG
z

+�w> �$, @

]
��

z+�w. ��@5,z�+�w� ��@5,h�m�$�� g��> +48,

surgxfhv wkh vshfwurjudp1 Wkh nhuqho ixqfwlrq

�+�w> �$, @ +5�,T�+�$,�+�w, +49,

jlyhv wkh Zljqhu glvwulexwlrq1 Khuh/ zh zloo xvh wkh V0
phwkrg ^44`/ ^45` dv d pxowlglphqvlrqdo glvwulexwlrq wkdw
fdq jlyh kljko| frqfhqwudwhg dxwr0whupv/ zlwk uhgxfhg lq0
whuihuhqfhv/ dqg zklfk zloo eh yhu| frqyhqlhqw iru wkh uhdv0
vljqphqw phwkrg1 Wkh V0phwkrg lv gh�qhg dv
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Iru d yhu| qduurz iuhtxhqf| zlqgrz/ S +��, @ �T�+��,>
wkh V0phwkrg uhgxfhv wr wkh vshfwurjudp/ VP
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VSHF
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+�w> �$,/ zkloh iru d yhu| zlgh iuhtxhqf| zlqgrz/

S +��, @ 4> lw lv htxdo wr wkh svhxgr Zljqhu glvwulexwlrq=
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Iru d iuhtxhqf| zlqgrz ri wkh irup
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duh fkrvhq dssursuldwho| ^46`/ wkh V0
phwkrg zrxog jlyh dxwr0whupv forvh wr wkrvh lq wkh Zljqhu
glvwulexwlrq/ doprvw dyrlglqj furvv0whupv=
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SZG
pp

+�w> �$,= +4<,

Wkh nhuqho ixqfwlrq ri wkh V0phwkrg lv jlyhq dv

�+�w> �$, @ 5Ts+5�w,ZG
z

+�w> �$,> +53,

zkhuh s+�w, lv wkh lqyhuvh Irxulhu wudqvirup ri wkh iuhtxhqf|

zlqgrz= s+�w, @ LIWiS +��,j1
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Wkh uhdvvljqphqw phwkrg kdv ehhq lqwurgxfhg lq wlph0
iuhtxhqf| dqdo|vlv lq rughu wr surgxfh dq dffxudwh wlph0
iuhtxhqf| uhsuhvhqwdwlrq ri vljqdov hpehgghg lq d kljk0
qrlvh hqylurqphqw1 Khuh/ wkh uhdvvljqphqw phwkrg lv ds0
solhg wr pxowlglphqvlrqdo vljqdov1 E| dqdorj| zlwk wkh
rqh0glphqvlrqdo fdvh/ wkh uhdvvljqhg glvwulexwlrqv iru T0
glphqvlrqdo vljqdov fdq eh gh�qhg dv
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Wkh glvsodfhphqwv dorqj wkh vsdfh dqg iuhtxhqf| frrugl0
qdwhv duh gh�qhg dv
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zlwk l @ 4> ===> T1 Lq +54,/ WI +�w> �$, ghqrwhv d glvwulexwlrq
iurp wkh Frkhq fodvv +46, zlwk wkh nhuqho ixqfwlrq �+�w> �$,1

D1 Uhdvvljqhg Vshfwurjudp

Iru wkh vshfwurjudp zlwk nhuqho ixqfwlrq +47,/ wkh glv0
sodfhphqwv duh jlyhq dv
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zkhuh lqgh{hv ghqrwh zlqgrzv dssolhg wr wkh vkruw0wlph
Irxulhu wudqvirup ^Wzl' w
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Wkxv/ iru wkh ghwhuplqdwlrq ri wkh uhdvvljqhg vshfwurjudp/
lw lv qhfhvvdu| wr fdofxodwh 5T . 4 gl�huhqw vkruw0wlph
Irxulhu wudqvirupv1 Lw lv hdv| wr frqfoxgh wkdw wkh uhdv0
vljqhg vshfwurjudp lv qxphulfdoo| yhu| lqh�flhqw1 D vlp0
lodu frqfoxvlrq fdq eh gudzq iru uhdvvljqhg yhuvlrqv ri do0
prvw doo rwkhu glvwulexwlrqv iurp wkh Frkhq fodvv1

E1 Surshuwlhv ri uhdvvljqhg uhsuhvhqwdwlrqv

Wkh pdlq surshuwlhv ri pxowlglphqvlrqdo uhdvvljq0
phqw glvwulexwlrqv fdq eh ghulyhg e| dqdorj| zlwk rqh0
glphqvlrqdo vljqdov ^7`=

41 Uhdvvljqhg glvwulexwlrqv duh lghdoo| frqfhqwudwhg
dorqj wkh orfdo iuhtxhqf| iru pxowlglphqvlrqdo olqhdu IP
vljqdov +;,/ +<,/ dqg ghowd sxovhv1
51 Uhdvvljqhg glvwulexwlrqv duh qrw elolqhdu1
61 Uhdvvljqhg glvwulexwlrqv duh vsdfh2vsdwldo0iuhtxhqf|

lqyduldqw1 Li wzr vljqdov |+�w, dqg {+�w, duh uhodwhg e|

|+�w, @ {+�w� �w
3
,h�m �$3�w> +63,

wkhlu vsdfh2vsdwldo0iuhtxhqf| glvwulexwlrqv iurp wkh Frkhq
fodvv duh uhodwhg e|
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Wkh vdph surshuw| krogv iru wkh uhdvvljqhg glvwulexwlrqv=

UWI
|

+�w> �$, @ UWI
{

+�w� �w
3
> �$ � �$

3
,= +65,

71 Lq wkh fdvh ri wkh Zljqhu glvwulexwlrq/ wkh uhdvvljqhg
uhsuhvhqwdwlrq lv wkh Zljqhu glvwulexwlrq lwvhoi1 Qrwh wkdw
wkhuh lv qr glvsodfhphqw iru wkh Zljqhu glvwulexwlrq/ l1h1/
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81 Uhdvvljqhg glvwulexwlrqv vdwlvi| wkh xqeldvhg hqhuj|
frqglwlrq/ li wklv frqglwlrq lv vdwlv�hg e| wkh ruljlqdo glvwul0
exwlrqv WI +�w> �$,1 Wkxv/ li iru d qrquhdvvljqhg glvwulexwlrq
wkh uhodwlrq
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Surshuwlhv 408 fdq hdvlo| eh suryhq dorqj wkh olqhv suh0
vhqwhg iru wkh rqh0glphqvlrqdo fdvh lq ^7`1
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Wkh uhdvvljqhg irup ri wkh V0phwkrg/ zlwk wkh nhuqho
ixqfwlrq +53,/ lv surgxfhg e| xvlqj glvsodfhphqwv=
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zkhuh VP
�>�

+�w> �$, ghqrwhv wkh V0phwkrg fdofxodwhg
e| xvlqj wzr gl�huhqw vkruw0wlph Irxulhu wudqvirupv/
VWIW

�

+�w> �$ . ��, dqg VWIW
�

+�w> �$ � ��,> lq +4:,1 Lw fdq

hdvlo| eh vhhq wkdw iru S +��, @ �T�+��,> zkhq wkh V0phwkrg
uhgxfhv wr wkh vshfwurjudp/ wkh glvsodfhphqwv ri wkh V0
phwkrg duh htxdo wr wkh glvsodfhphqwv ri wkh vshfwurjudp1
Lw lv zhoo nqrzq wkdw wkh dxwr0whupv ri wkh V0phwkrg

duh forvh wr wkh dxwr0whupv ri wkh Zljqhu glvwulexwlrq
^44`1 Iurp wklv idfw zh fdq frqfoxgh wkdw erwk +vsdfh dqg
iuhtxhqf|, glvsodfhphqwv duh vpdoo1 Wkxv/ e| xvlqj wkh
vsdfh ru iuhtxhqf| glvsodfhphqw rqo|/ d vljql�fdqw lpsuryh0
phqw ri wkh vsdfh2vsdwldo0iuhtxhqf| uhsuhvhqwdwlrq fdq eh
dfklhyhg1
Iru wkh uhfwdqjxodu pxowlglphqvlrqdo iuhtxhqf| zlqgrz

S +��, jlyhq e| +4;,/ wkh vsdwldo glvsodfhphqw fdq eh zulwwhq
lq wkh irup=
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Wkh vsdwldo glvsodfhphqwv +6:, fdq eh fdofxodwhg e| xv0
lqj rqo| rqh vlqjoh vkruw0wlph Irxulhu wudqvirup zlwk wkh
zlqgrz z+�w,/ lqvwhdg ri 5T. 4 gl�huhqw wudqvirupv lq wkh
jhqhudo fdvh1 Erwk wkh V0phwkrg dqg wkh vsdwldo glvsodfh0
phqwv fdq eh fdofxodwhg e| xvlqj rqo| VWIW

z

+�w> �$,1 Wklv
lv wkh uhdvrq iru xvlqj vsdwldo glvsodfhphqwv lq rxu qxphu0
lfdo fdofxodwlrq1

X� .!B6V,j

Frqvlghu d wzr0glphqvlrqdo pxowlfrpsrqhqw vljqdo

i+�w, @ h{s
�
m75�+w6

4
. w6

5
,
�
. frv

�
53�w5

4
� 49�w5

5

�
> +6;,

fruuxswhg zlwk frpsoh{ Jdxvvldq/ zklwh qrlvh/ zlwk ydul0
dqfh �5

��

@ 81 Wkh vdpsolqj lqwhuydov dorqj erwk frrugl0
qdwhv duh �w

l

@ 4@45;/ l @ 4> 51 Wkh vshfwurjudp/ wkh

V0phwkrg zlwk iuhtxhqf| zlqgrz zlgwk 5�4
@ 5�

5
@ ;�/

dqg wkh fruuhvsrqglqj uhdvvljqhg V0phwkrg iru +w
4
> w
5
, @

+3=7> 3=7, duh vkrzq lq Ilj1 41 D vhsdudeoh Kdqqlqj zlqgrz
z+�w, @ z+w4,z+w5, zlwk d zlgwk riQ @ 45; vdpsohv lv xvhg1
Zh fdq hdvlo| frqfoxgh wkdw wkh uhdvvljqhg V0phwkrg sur0
gxfhv dq doprvw lghdoo| frqfhqwudwhg uhsuhvhqwdwlrq dorqj
wkh orfdo iuhtxhqflhv1 Frpsxwdwlrq lv dovr yhu| vlpsoh dqg
uhtxluhv rqo| rqh vkruw0wlph Irxulhu wudqvirup1 Lw fdq eh
grqh lq d uhfxuvlyh pdqqhu ^44`/ lqfoxglqj d srvvlelolw| ri
YOVL lpsohphqwdwlrq ^47`1

XY� �NAW,�t�NA

Wkh uhdvvljqphqw phwkrg iru pxowlfrpsrqhqw vljqdov
lv lqwurgxfhg1 Surshuwlhv ri uhdvvljqhg vsdfh2vsdwldo0
iuhtxhqf| glvwulexwlrqv duh suhvhqwhg1 Wkh vljql�fdqw fdo0
fxodwlrq frpsoh{lw| ri wklv phwkrg lv uhgxfhg e| xvlqj wkh
pxowlglphqvlrqdo V0phwkrg dqg vsdwldo glvsodfhphqw rqo|1

XYY� �W"AN�,ja}6jA|

Wklv zrun lv vxssruwhg e| wkh Yronvzdjhq Vwliwxqj/ Ihg0
hudo Uhsxeolf ri Jhupdq|1
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