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1. Introduction

After the introduction of the Wigner distributidr{wD) for the description of coherent and partially
coherent optical field$,it became an important tool for optical signal/image analysis and beam charac-
terization®® The WD completely describes the complex amplitude of a coherent optical field (up to a
constant phase factor) or the two-point correlation function of a partially coherent field. Because the WD
of a two-dimensional optical field is a function of four variables, it is difficult to analyze. Therefore, the
optical field is often represented not by the WD itself, but by its global moments. Beam characterization
based on the second-order moments of the WD thus became the basis of an International Organization for
Standardization standafd.

Some of the WD moments can directly be determined from measurements of the intensity distribu-
tions in the image plane or the Fourier plane, but most of the moments cannot be determined in such an
easy way. In order to calculate such moments, additional information is required. Since first-order optical
system8 — also calledABC D systems — produce affine transformations of the WD in phase space, the
intensity distributions measured at the output of such systems can provide such additional information.
It was show# 10 that for these purposes BC'D systems using cylindrical lenses (anamorpHiBC D
systems) have to be applied. The applicatiodl&fC D systems for the measurements of the second-order
WD moments have been reported in several publicafiofs.

Itis the aim of this paper to show how all WD moments can be measured as intensity moments only. We
therefore consider a particular case of thBC D system: the anamorphic fractional Fourier transform (FT)
system. We show that not only the second-order moments, but all moments of the four-dimensional WD can
be obtained from measurements of only intensity distributions in an appropriate number of (anamorphic)
fractional FT systems. The minimum number of (anamorphic) fractional power spectra needed for the
calculation of all WD moments of an arbitrary order is determined. As a by-product, moment combinations
are found that are invariant under anamorphic fractional Fourier transformation.

2. Wigner distribution

The Wigner distribution (WD) of a twodimensional functigiz, y) is defined by
We(x,u;y,v / / fl@+ 32 y+ 39) [ (x — 32",y — 3y) exp[—j2m (ua’ + vy)]da'dy’. (1)

The WDW¢(z,u;y,v) represents a space functigt, y) in a combined space/spatial-frequency domain,
the so-called phase space, wheris the spatial-frequency variable associated to the space vasiphtel

v the spatial-frequency variable associated to the space varjabee remark that the definition of the

WD — and all the results of this paper — need not be restricted to coherent light, in whiclf (cage

would represent the complex field amplitude of the light, but can be extended to partially coherent light,
in which case the two-point correlation function of the light can be identified wifhx + :c Y+ 2y ")

fra =52y —51)>



In this paper we consider the normalized moments of the WD, where the normalization is with respect
to the total energy of the signal:

E= / / / / Wf(x,u;y,,u)dmdudydv = / / |f($,y)\2dxdy. @)

These normalized momengs,,,s of the WD are thus defined by

fpgrs B = / / / / Wi (2, usy,0)aPuly v dedudydy  (p,q,r,s > 0) (3)
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Note that forg = s = 0 we have intensity moments, which can easily be measured:
pporo B = / / / / Wiz, u;y,v)2?y" dzdudydv  (p,m > 0)
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3. Fractional Fourier transform and moments in the fractional domain
The fractional Fourier transform (FT) of a functigitiz, ) is defined by>1°
Faslu0) = [ [ Kale.)Ksly. 0)f(w,)dady, )

where the kernek, (x, u) is given by

(6)

_exp(jia) ox [j (22 4+ u?) cosa — 2ux
sin v
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We remark thaty o(u,v) = f(u,v) represents the function itself, whil€, /2 (u,v) corresponds to the
normal two-dimensional FT of the functiof(z, y).

The fractional FT can be generated optically by a very simple, anamorphic, coherent-optical set-up,
consisting only of two cylindrical lenses, whose focal lengths — in combination with some appropriate
sections of free space — are related to the angleend 5. The input-output relationship of such an
anamorphic fractional FT system in terms of the so-called ray transformation matid36tD matrix) 2
where the positions;, y; and directions:;, v; of an optical ray in the input plane are related to the positions
Zo, Y, and directions.,, v, of the ray in the output plane, takes the form

Zo Aze Azy Biu B x; cosa 0 sina 0 T
Yo | _ Aye Ayy Byu By Yi | _ 0 cos 3 0 sin 3 Yi
Ug Cuz Cuy Duyy Dy U; —sinaq 0 COoS & 0 U
Vo Coz Cuy Dyy Dy v; 0 —sin g 0 cos 8 v;
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One of the most important properties of the fractional FT is that it corresponds to a rotation of the WD
in phase space:

W, (2, u;y,v) = Wy(xcosa —usina, wsina +ucosa;ycos f —vsin 3, ysin f +vcos3).  (8)

Moreover, the fractional power spectrum, i.e., the squared modalugz,y)|* of the fractional FT, is
directly related to the WD through a projection operation:

Fap(z,y)? = / / W, (2, v)dudo. ©)

Note that the fractional power spectrum is related to the intensity distribution in the output plane of an
anamorphic fractional FT system [see Eq. (7)] and therefore can be easily measured in experiments.

We can as well define normalized momepts, s («, ) in the fractional domain and relate these to the
original momentsu,q.s = fipqrs(0,0), cf. Eq. (3):

tipars (00, B) E / / / / Wi, , (2, usy,v)ePuty v dedudydo  (p,q,7,s > 0) (10)

/ / / / Wy(zcosa—usina, xsina + ucosa;
— 00 — 00 — 00 — 00

ycos B —vsin B, ysin 8 + v cos B)xPuly” v’ drdudydv

= / / / / Wi (z,u;y,v)(xzcosa+usina)?(—zsina + ucos a)?

(ycos B+ vsinB)"(—ysin 8 + v cos §)°dxdudydv.

The general relationship thus takes the form

b r
/,quTS Z Z Z Z l+n ( ) ( ?) (;) (2) Hp—k+1,q—1+k,r—m+n,s—n+m

=0 [=0 m=0n=0
x (cos a)P~F 9= (sin o) ¥+ (cos B) ™" (sin B)™ T, (11)

and for the intensity moments in particular we have

Lporo(a, B) Z Z < > ( ),up ke, ker—m,m COSE kasinkacosrfmﬂsinmﬁ. (12)

k=0m=0

Note that the total energly, see Eq. (2), is invariant under fractional Fourier transformation:

b= / / / / WFaﬁ(mvw%U)dl‘dudydy
- / / / / W (z,u;y,v)drdudydv. (13)

From the definitions of the normalized moments in the fractional domain, it follows directly that the
zPu? moments (with- = s = 0) are not affected by the fractional Fourier transformation ingtuirection
(with angle5), while they”v®* moments (withp = ¢ = 0) are not affected by the one in thedirection
(with anglec):
tpqoo(e B) = ppgoo(cr, 0), (14)
Ho0rs (Oé, ﬁ) = Hoors (Oa ﬁ)



Moreover, therPy” moments (withy = s = 0) can easily be measured as intensity moments again,

oo oo
pora(@OE= [ [ aryr(Bus(a)Pdsdy (15)
—00 J —00
and from the relationship
fipgrs (@, B) = (= V)P pgpsr (@ + 37, B+ 37), (16)
we conclude that the?v® moments (withp = r = 0) can be measured as intensity moments, as well.
4. Relations between moments in the fractional domain

To find simple relationships between the momentdiof(z, v;y,v) on the one hand and those of
Wk, ,(z,u;y,v) on the other, cf. Eq. (10), we defitfe

¢ = z+ju,
n o= y+jo, (17)
fla) = exp(—ja)é,
nB) = exp(—jBn, (18)
and
Eni(a) = Lol (@F = [§(a)M¢(a) (k,1>0), (19)
ma(B) = 0B (B = B (myn=0).
With &a1,1(0) = &2k,1 @Ndnam, 1 (0) = N2 n, We then have
£2k,l(a)7]2m,n(ﬁ) = exp[*j(la‘i’nﬂ)}ﬁ?k,ﬂﬁm,n; (20)
§2k,l(a)n;m,n (6) = exp[_j(la - nﬁ)]&Qk,lnéﬁm,nﬂ
which equations are equivalent to the rotation operators
R{&or 1 ()m2ma(B)} | _ R{E2k,1M2m.n }
[%&W(a)mm,n(m}] - R““*”ﬂ){%{gmnm}y
(21)

gR{ng,l(a)ngm,n(ﬂ)} _ _ %{f%,m;m,n,}
|: %{52k,l(a)n§m,n(ﬂ)} :| B R(la nﬁ) |: %{£2k,l77;771,n} :l ’

respectively, wher&{-} and{-} denote the real and the imaginary part, respectively, and wRetg
represents the rotation matrix

—sina  cos«

R(a):{ cosa Smo‘} 22)

The real and imaginary parts fx i72m.» (@nd of§ax 1m5,, ., if necessary, i.e., in the case ttigt 0 and
n # 0) and the corresponding rotation angte+ n have been presented in Table 1 for@lk,,2m,n)
combinations up to fourth order, i.€%k + 1+ 2m +n < 4.

Relationships between the moments in the fractignal3) domain and the moments in the original
domain follow from the relations [cf. Eq. (10)]

/ / / / Wr, 5 (2,49, v)E2k 1M2m ndrdudydy

/ / / / Wi (z, w5y, v)E%,1 () N2m,n (B)drdudydv
= exp|—j(la —|—nﬂ)]/ / / / Wi (z,u;y, v)k 1M2m, ndrdudydvu (23)
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Table 1:

Real and imaginary parts of£ax 1m2m,» (@Nd £2k,1m3.,,,,,. if NECEssary) up to fourth order

’ Eak,1M2m n \ R{&2k.1M2m.n } \ {2k, 1M2m.n } \ latnp ‘
§o1Mo0 | @ u a
§ooMo1 Y v B
20700 22 +u?
£02M00 e 2xu 20
€o1701 Ty —uv U+ uy a+f
01701 Ty +uv —2v + uy a—
00720 y? +0?

o002 y* —v* 2yv 20
£21M00 3 + zu? x2u 4+ ud o
03700 2% — 3zu? 3%y — ud 3
Eomo1 | 2y +uly z?v 4+ u?v B
o201 2%y — vty — 2zuw 220 — u?v + 2zuy 200+ 3
o2y | %y — uPy + 2zuv —2%0 + w20 + 2zuy %2 —f
Co1m2o | xy® +av® uy? + uv? a
€01702 ry® — xv* — 2uyv 2zyv + uy? — uv? a+ 203
£01752 zy? — zv? + 2uyv —2xyv + uy2 — uv? a—20
oo | ¥° +yv® y?v + 03 J&
€oomos | y* —3yv® 3y?v —v? 38
£40M00 x4+ 22%u® + ot
22700 a* —ut 2z3u + 2zu’ 200
§o4Moo z* — 6z%u? 4 u? 4a3u — doud 4o
Srnor | 2y +auy — 2Puww —uv 230 + zuv + 2?uy + udy a+f
€211 23y + zuly + 2?uv 4+ udv —z%v — zu?v + 22uy + udy a—g
£03Mo1 23y — 3zuy — 322w + uiv z3v — 3zuv + 32%uy — uly 3+ 3
£03M01 23y — 3zuy + 322uv — udv —23v + 3zuv + 322uy — uly 3a—p
Eaomo | 22y? 4 2%0? +uPy? + uPo?
Eaomoz | 22y? — 20?4+ uPy? — u?o? 222yv + 2uyv 283
Coamo | 2% 4 2%0? — uPy? — uPo? 2zuy? + 2xuv? 20
£02M02 22y? — 2%0% — u?y? + u0? — dauyv | 22%yv — 2uyv + 2zuy? — 2wuv? 2a+ 20
£027M02 x2y2 — 2% — u2y2 +uv? + dxuyv —2x2yv + 2u2yv + 2:1:uy2 —2zuv? | 200 — 203
i1 | 2y + 2y — uyto — wo? 2520 + 203 + uy® + uyv? at B
Sz | oy’ + ayv® + uyPv + uw? —zy?v — 2v® 4 uy® 4 uyv? a—
Sormos | @y’ — Bwyv® = Buy’v + w’ 3zy?o — av® 4+ uy® — Buyv® a+303
£017M03 xy® — 3zyv? + 3uy?v — uvd —3xy%v + zv? + uy® — Suyv? a—306
£00M40 vt +2y%0% + ot
00722 yt —ot 2y%v + 2yv® 243
oomoa | y* — 6y 0 +0* 4y3v — dyv® 44
and, if necessary,
o0 o0 o0 o0
/ / / / Wr.o (2, u;y,0) 82k 115, ndrdudydv
— 0o — 0o — 0o — 0o
o0 oo o0 oo
= ewlita—nd) [ [ [ [ Wi wy)am, dodudyae, (29
—o0 J —o0 J —o0 J —o0



Table 2: Moment combinations undergoing a rotation of the form of Eq. (21) up to fourth order

| top vector entry | bottom vector entry | angle
My My, «
my my B
Myy + Myy
Mz — My 2M gy, 2a
macy — My Mgy + muy a+ ﬁ
Mgy + My —Mgy + Mayy a —
Myy + Moy
Myy — Moy 2myy 203
Maze — 3Mauu 3Myzu — Muwu 3a
Maay + Myuy Mgy + Myuy ﬁ
mxmy - muuy - 2m;ﬂuv Myzy — Myuv + 2ma:uy 2a + ﬁ
Mayazy — Myuy T 2Mgy —Mgzy + Myuw + 2mzuy 200 —f3
Mayy + Mgy Muyy + My «
mwyy — Mygyy — 2muyv 2mxyv + Muyyy — Mayvw a+ Qﬁ
mwyy — Mgyov + 2"nuyv _Qmwyv + muyy — Myvv o — Qﬁ
Myyy + Myyo Myyv + My /6
Myyy — 3Myvy 3Myyy — Mypy 30
Mygzz + Qmwmuu + Muuuu
Mayrzr — Muuuu 2Myrzu + 2Mauuu 2
Moyzre — 6mzzuu + Muyyuu 4mmrxu - 4mruuu 4o
Mayzay + Myuuy — Mrzuv — Muuuv Mgz T Mauuo + Mayruy + Myuuy o+ ﬁ
m.L.L.Ly + ma;uuy + Mygruv + Myuuv —Mayrzv — Mruuv + m.L.LLLy + muuuy a —
Myzry — 3m.’£uuy — 3Mzzuv + Muyyus Mazze — IMauuv + 3mr$uy — Muyyuy 3a+
Mygry — 3mmuuy + 3mmmuv — Muyuuv —Mggzy + 3mzuuv + 3mmxuy — Muyuuy 3a— /6
Mayzyy + Magov + Myuyy + Myuwvo
Mayzyy — Mazvv T Muuyy — Muuvw 2mwmyv + zmuuyv 243
mrzyy + Mygvy — muuyy — Myuvv 2mmuyy + 2mxuvv 200
mmzyy — Myggyv — muuyy + Moy — 4mxuy7j 2mrxyv - 2Wluuyv + 2m:vuyy - szuvv 20 + 2ﬂ
mmwyy — Myggyv — muuyy + Myuvv + 4ma:uyv _2mwa:yv =+ 2muuyv + 2mxuyy — 2m:z:uvv 200 — 26
Mayyy T Mayvy — Muyyo — Mauvov Mayyv T Mavvv + Mauyyy + Muyvo a+p
Mayyy + Myyvo + Muyyyv + My —Mayyv — Mayvo + Muyyy + Myyvv o — 6
mxyyy - 3m:1:y71v - 3muyyv + My szyyv — Mgyvo + muyyy - Smuy'uv a+ 3/8
mzyyy — 3m:vyvv + Smuyyv — Myyov _Bmwyyv + Mrvvv + muyyy — 3muym} o — Sﬁ
Myyyy + 2Myyou + Movou
Myyyy — Movoy 2myyyv + 2myvvv 2ﬁ
myyyy — 6myy'uv + Myvovo 4myyyv — 4myv'uv 45

together with the expressions given in Table 1, which results in rotation-type relationships of the form of

Eqg. (21). The last row in Table 1, for instance, leads to the relationship

Moy (@ B) — My (@, B) + Mypww (v, B)

4myyyu (Oé, ﬂ) - 4my’uvv (Oé, ﬁ)

Note that, in order to recognize immediately the character of the moments as space and/or spatial-frequency

4myyyv - 4my1wv

} _

R(4ﬁ) |: myyyy - Gmyyvv + Myvvo




moments (derived from,y and/oru, v, respectively), we have chosen a slightly different notation of the
moments in the remainder of the paper. From now on, the momept, for instance, will be denoted as
Mzuuy, @Nd, in general, the indicesg, r, s in the notatiory,,,s correspond to the number of times that the
indicesz, u,y, v, respectively, appear in the new notation of the moments. The two vector entries and the
corresponding rotation angle + n 3 for all different cases (up to fourth order) have been given in Table 2.

4.1. First-order moments

For the first-order moments we get 2 sets of equations, cf. Table 2:

R I CI (25)
and
{ zygzgg ] = R® [ Zy } (26)

which constitute 4 equations for the 4 first-order moments. From the first rows of the two vector-matrix
equations (25) and (26) we get

my(a,3) = mgcosa—+ mysina, 27)

my(a, 8) = mycosf+mysing, (28)

which equations correspond to Eq. (12) witjrs = 1000 andpgrs = 0010, respectively, and the 4 moments
Mg, My, My, andm,, can be determined by measuring the intensity momenty, -) andm,, (-, ) in the
fractional domain for two values ef and 3, for instance foi0 and 3m: m, = m(0,-), m, = m,(3,),
my = my(+,0), andm, = my(-, ).

Note that the following two expressions

m2 + m2, (29)

my + mg, (30)

SN 8N

are invariant under fractional Fourier transformation.

4.2. Second-order moments

For the second-order moments we get 3 sets of equations, cf. Table 2:

ma:a:(ayﬁ) +muu(a;5) = Mgg +mu1u

R Bl R i

{ May (0, B) — maw(, B) } ~ R(a+p) { Mgy — Mgy }

} (1)

mm}(a» 6) + muy(aa ﬂ) Myy + Mayy
(32)

My (Ogﬂ) + muv(aaﬁ) o Mgy + Moy

|: _me(aaﬁ)J’_muy(aaﬁ) :| N R(aiﬂ) |: _mwz+muy :| ’
and
myy(av 6) + mvv(av ﬂ) = Myy + Myo,
(33)
m (a75)_m’vv(a7ﬁ) _ m — Mayw
{ vy Sy (@, ) } = R(20) { ygmyv ] ,

7



which constitute 3+4+3=10 equations for the 10 second-order moments. From the first rows of the vector-
matrix equations — or directly from Eq. (12) witlyrs = 2000, pgrs = 1010, andpqrs = 0020, respectively
— we derive the 3 relationships

Mye (0, B) = Mgy c08% o 4 2y, COS Sin v + My sin? av, (34)
Mgy (@, B) = Mgy cOSacos [+ My, cosasinf + my, sin o cos 5 + my,, sinasin 3, (35)
myy(a, ) = my,cos® B+ 2my, cos Bsin B+ m., sin? . (36)

The 3 momentsn,,, m.,, andm,, can be determined by measuring the intensity moment(«, -)
in the fractional domatft for three values ofy, for instance for0, 17, and 37 mg, = m4,(0,-),
My = Mgy (57,-), and thenmg, = me, (57,-) — 3 (Mas + muw). Likewise, the 3 momentsu,,, my,,
andm,,, can be determined by measuring the intensity momepy(-, 3) for three values of, for instance
for 0, 2m, andim: my, = my,(-,0), my, = my, (-, 37), and thenmy, = my, (-, 17) = $(myy + my.,).
The other 4 momentsi,,,, My, My, andm,, follow from measuring the intensity moment,, (o, ),
for instance as followsin,, = m.y(0,0), Mmyy = Mgy (37, 27), Muy = may(37,0), and thenm,, =
Qme(iw, i”) — Mgy — Myy — M. We conclude that all 10 second-order moments can be determined
from the knowledge of 4 fractional power spectra, where one of them has to be anamorphic#i.8),
for instance Fy o (@, y) %, | Fr/a,n/a(@,y) %2 | Fr 2,0 j2(2,y) 1%, @and| Fy o 0 (2, )] 2.

Note that we have the following 2+2+2=6 invariants, which can be directly derived from Table 2:

Mag + My, (37)
(Map —Myw)® + 4m2,, (38)
(May —Muw)® + (May + Muy)?, (39)
(Mmgy + Mus)? + (—Mgy + muy)Q, (40)
Myy + My, (42)
(Myy — Myy)? + 4m?2/v. (42)

4.3. Higher-order moments

For higher-order moments we can proceed analogously, using the expressions given in Table 2. For the
third-order moments we get 4 sets of equations, which yield 4+6+6+4=20 equations for 20 variables. From
these equations we get 4 relationships from which the 20 third-order moments can be determined:

Myza (@, 8) = Magy c0s® o + 3Mgay cOS> asin o + 3Mgyy cos asin® o + My, sin® «,  (43)
Myay(a, B) = Mgay cos? a cos 3 + Mgy cos® asin § + 2Mygyy cos asina cos B

+ 2Mgyy COS arsin acsin B + My sin a cos 3 + My sin acsin 3, (44)
Mayy(0, B) = Mgy, cosa cos? 3 + 2M 0 COS  COS BN B + Mgy COS ¢ sin? 3

+ Myyy Sina cos? 3 + 2Myyyo Sin accos Bsin B + My Sin o sin? 3, (45)
Myyy (@, B) = Myyy cos® f+ 3Myyo cos? Bsin f + 3Myew cos Bsin? B + Myyy sin® . (46)

Note again that these relations could as well have been derived directly from Eq. (12)yywith 3000,
pqrs = 2010, pqrs = 1020, andpgrs = 0030, respectively. The 20 third-order moments can be determined
from the knowledge of 6 fractional power spectra, where 2 of them have to be anamorphic.

We remark throughout the correspondence betweandcos «, v andsin «, y andcos 3, andv and
sin 3; moreover, the numerical factor in front of the moments corresponds to the number of index permuta-
tions that lead to identical moments (for instaneg ., = My = Muzs, €1C.). This observation leads to an
easy way [cf. Eq. (12)] to find equations of the above type, without using Table 2. To construct the expression
for mg,y (a, B), for example, see Eq. (44), we would proceed as follows. We first note that the moments



that will appear in the right-hand side will be,,, and all the moments that result from interchanging

x With u, andy with v: Mazy, Mauy = Muzy, Maww = Muzes Muuy ANAd My, We then multiply each
moment by its corresponding combination of trigonometric terms, and finally combine identical moments
into one single term multiplied by its appropriate numerical factor. This procedure can, of course, be applied
to higher-order moments, as well.

For the fourth-order moments we get 5 sets of equations, which yield 5+8+9+8+5=35 equations for 35
variables. From these equations we can derive 5 relationships from which the 35 fourth-order moments can
be determined [cf. Eq. (12) withgrs = 4000, pgrs = 3010, pgrs = 2020, pqrs = 1030, andpgrs = 0040,
respectively]:

Mazre (0, 0) = Magaa cos? v + A gy 008> SIN Q@ + 6Mp iy, COSZ asin? o
+ Ay COS @ SIN® @ + My Sin? a, 47

Mazay cos® o cos B + Mgy cOSS asin 3 + 3Mazuy cos? asinavcos
2

Mgy (a, B)

@ cos 3 + 3Myyup COS asin®

+ 3Myguy OS> asin asin 3 + 3Mpuuy COS asin asin 3
+ Muyuuy sin® & cos B + Muyuuw sin® asin 3, (48)
Mapayy (0, 0) = Mgy cosZ avcos? B+ 2Mggyo cos? avcos B8in B + My cos® asin®
+ 2Mgyyy cOSasin o cos? 3 + 4M g0 CcOS asin o cos Bsin 8
+ 2Mgyuy cOSasinasin? 3 + Muyuyy sin? awcos? 3 + 2Myuyw sin’ o cos Bsin 3
+ Moo sin? acsin? 3, (49)

8 3 8 2 3 i . s Bsin?
Megyyy COS A COS” B + 3Myyyy €COS 0rcos™ Fsin B + 3Myyy cOs accos Bsin” 3

mxyyy(% ﬁ)

+ Mo cOsasin® 3 + Muyyyy SID Q¢ cos® 3 + 3Myyyo Sina cos? Bsin 8

+ 3Myyoe sinacos B sin? 8 4 Mywee sin asin® 3, (50)
Myyyy (@, B) = Myyyy cos* B + Ao cos® Bsin B+ 6Myyou cos? Bsin® 3
+ 4Mmypy COS Bsin® B+ Myppy sin’ G. (51)

The 35 fourth-order moments can be determined from the knowledge of 9 fractional power spectra, where
4 of them have to be anamorphic.

The 2+3+3+2=10 invariant combinations of third-order moments and the 3+4+5+4+3=19 invariant
combinations of fourth-order moments follow directly from Table 2.

To find the number ofith-order momentsv, and the total number of fractional power spectfaith
a the number of anamorphic ones) that we need to determine ffiesements, use can be made of the
following triangle, which can easily be extended to higher order:

n number ofnth order moments N | t]a
0 1 1 1 0
1 2+2 4 210
2 3+4+3 10 | 4 |1
3 44+6+6+4 20 | 6 | 2
4 5+8+9+8+5 35 19| 4
5 64+104+124+124+10+6 56 | 12| 6
6 T+12+15+16+15+12+7 84 [ 16| 9
7184+14+18+20+20+18+14+8 | 120 | 20 | 12

Note thatN (the number ofnth-order moments) is equal to the sum of the values inntterow of the
triangle, that (the total number of fractional power spectra) is equal to the highest value that appears in the
nth row of the triangle [as a formula:= 1 (n + 2)? for n = even, and = 1(n + 3)(n + 1) for n = odd],

and thatz (the number of anamorphic fractional power spectra) follows faomt — n — 1.



5. Conclusions

We have shown how all global WD moments of arbitrary order can be measured as intensity moments
in the output plane of an appropriate number of fractional FT systems (generally anamorphic ones, i.e.,
with different angleso and 3), and we have derived the minimum number of (anamorphic) fractional
power spectra that are needed for the determination of these moments. The results followed directly from
the general relationship (12) that expresses the intensity moments in the output plane of an anamorphic
fractional FT system in terms of the moments in the input plane and the two angled3. They could
also be derived by formulating rotation-type input-output-relationships between certain combinations of
moments. The latter method yields, as a by-product, a number of moment combinations that are invariant
under anamorphic fractional Fourier transformation.
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