MODIFIED ZAK TRANSFORM FOR THE QUINCUNX-TYPE GABOR LATTICE
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ABSTRACT

Gabor’s signa expansion and the Gabor transform are
formulated on aquincunx latticeinstead of on thetraditiona
rectangular latti ce; the representation of the quincunx | attice
is based on the rectangular lattice via either a shear opera-
tion or arotation operation. A modified Zak transformation
is defined with the help of which Gabor’s signal expansion
and the Gabor transform can be brought into product forms
that areidentical tothe onesthat are well known for the rect-
angular sampling geometry.

1. INTRODUCTION

Recently anew sampling lattice — the quincunx lattice— has
been introduced [1] as a sampling geometry in the Gabor
scheme, which geometry is different from the traditiona
rectangular sampling geometry [2]. In this paper we will
show how resultsthat hold for rectangular sampling (see, for
instance, [3, 4]) can be transformed to the quincunx case.
In particular wewill concentrate on the well-known product
forms[3] of Gabor'ssignal expansion and the Gabor trans-
form, in terms of the Fourier transform of the expansion co-
efficients and the Zak transforms of the signal and the win-
dow functions; these product forms hold in the case of crit-
ical sampling, to which case we will confine ourselves. We
will show that identical product forms can be formulated in
the case of a quincunx sampling geometry, as well, but then
in terms of amodified version of the Zak transform.

2. GABOR’'S SIGNAL EXPANSION
AND THE ZAK TRANSFORM

We start with the usual Gabor expansion [2, 3, 4] on arect-
angular lattice, in which case asignal ¢(t) can be expressed
as alinear combination of properly shifted and modulated
versions of a synthesiswindow g(¢):

o(t) = Z Z amkg(t—mT)eijt. Q)
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The time step 7" and the frequency step €2 satisfy the rea
tionship Q7" < 2x. The expansion coefficients a,, follow

from sampling the windowed Fourier transform with analy-
siswindow w(t),

/ pt)w*(t — T)e_j(")tdt,
on therectangular lattice (1 = mT,w = kQ):
e = / pt)w*(t — mT)e_ijtdt. 2

The latter equation is known as the Gabor transform.

The synthesis window ¢(¢) and the analysis window
w(t) arerelated to each other in such away that their shifted
and modul ated versions constitutetwo setsthat are biorthog-
onal:
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The biorthogondity relation (3) leads immediately to the
equivaent but simpler expression

%T g(t — mTw* (t— [m—I—ké—;] T) =, (4
where d;, isthe Kronecker delta; notethat the factor 27 /QT
represents the degree of oversampling.

Inthis paper wewill restrict ourselvesto the case of crit-
ical sampling, i.e, Q27" = 2; the case of rational oversam-
pling will be the subject of aforthcoming paper. It iswell
known (see, for instance, [3, 4]) that in the case of critical
sampling, Gabor’ssignal expansion (1) and the Gabor trans-
form (2) can be transformed into product form. We there-
fore need the Fourier transform a(¢/7,w/2) of the two-
dimensional array of Gabor coefficients a,,,, defined by
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and the Zak transforms (¢, w;T), §(t,w;T), and

w(t,w;T) of the signd ¢(t) and the window func-

tions ¢(¢) and w(t), respectively, where the Zak transform



f(t,w;T) of afunction f(t) isdefined as (see, for instance,
[3,4,5,6])

f(t,w;T) Z ft+nT)e™ gawl’ (6)
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Upon substituting from the Fourier transform (5) and the
Zak transforms [cf. Eq. (6)] into Egs. (1) and (2), it is not
too difficult to show that Gabor’s signal expansion (1) can
be transformed into the product form

sﬁ(t,w;T)Za(% Q) it ), @

while the Gabor transform (2) can be transformed into the
product form

o(5.2) =rettw it @

It isthe aim of this paper to show that product forms can be
formulated not only inthe case of arectangular sampling lat-
tice, but also in the case of a quincunx lattice.

3. QUINCUNX SAMPLING GEOMETRY

Instead of formulating Gabor’ssignal expansion on arectan-
gular sampling lattice, wewill now use aquincunx sampling
geometry. Inthat case Gabor’ sexpansion coefficientsfollow
from sampling the windowed Fourier transform on the quin-
cunx lattice, represented, for instance, by

(r=mlw=(k—Lim)Q), (9)

which representation is based on the rectangular lattice via
ashear of the frequency variable %, or by
(T: (m4+ k)T, w= %(k—m)Q) , (20)

which representation isbased on therectanguler latticeviaa
rotation. Based on Egs. (9) or (10), Gabor’ssignal expansion
on the quincunx lattice can be formulated as [cf. Eq. (1)]
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respectively, whilethe corresponding Gabor transformstake
theform [cf. Eq. (2)]

i = /_Oo p(t)w* (t — mT)e Ik —zm)Q gy (13

and
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(14)
respectively.

4. MODIFIED ZAK TRANSFORM

Inorder to bring Eq. (13) into product form, we start withthe
Fourier transforma’ (¢t /T, w /) of the array of Gabor coef-
ficients a),,, exp[—j:mm?] [cf. Eq. (5)]:
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and substitute from the Gabor transform (13). We rearrange
factors,
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and evauate the integral,
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We rearrange factors again,
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and recognize a modified version of the Zak transform
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for the signal ¢(t) and for the analysis window w(t). We
concludethat, with thismodified version of the Zak transfor-
mation, the product form (8) of the Gabor transform that we
found in the case of arectangular sampling geometry holds
in the case of aquincunx geometry, as well:

i (% %) =T¢ (t,w;T)w'(t,w; T).  (17)

It is not difficult to show that the same modified Zak
transform (16) and the same product form (17) arise, if we
try to bring Eqg. (14) into product form, by starting with
the Fourier transform of the array of Gabor coefficients
all . exp[—jsm(m + k)?] [cf. Eq. (15)]:

“ (%’%) - Z Z aque_j%”(m'i'k)z

m=—00 k=—00
« e—j[(m + kwT — %(k’ - m)Qt] (18)

We remark that, compared to the previously defined
Fourier transform (5), the Fourier transforms (15) and
(18) contain an additional phase factor exp[—;$mm?] and
exp[—jsm(m + k)?], respectively. Likewise, compared to
the traditional Zak transform (6), an additional phase fac-
tor exp[j$7n?] arisesin the definition of the modified Zak
transform (16). Moreover, we remark that — like the normal
Zak transform — the modified Zak transform f/(t,w;T) is
periodicinthefrequency variablew with period © = 27 /T,
and quasi-periodic in the time variable t with quasi-period
T

f/(t +mT w4+ kT = f'(t,w; T)e_j%ﬂ-mzejm“)T.
(19)
Note, finaly, that since n? is4-fold for n even and 4-fold+ 1
for n odd, thephasefactor exp(—j 1 7n?) equals1forn even
and —j for n odd; thissuggests a separation of the quincunx
lattice into two rectangular lattices.

In order to transform the Gabor expansions (11) and
(12) into product form, as well, we substitute from these
expansions into the modified Zak transform ¢&'(t,w;T’)
[cf. Eq. (16)]. After some straightforward cal culations, and
using the modified Zak transform §’(¢,w; T') of the synthe-
sis window g¢(t) and the Fourier transform a’(t/T,w/Q)
of the array of Gabor coefficients a/,, exp[—jimm?] or
all . exp[—jsm(m + k)?)] again, we arrive at the product
form that we aready found in the case of rectangular sam-
pling [cf. Eq. (7)]:

Pt =@ (1.5) i 0wt @)

If we combine the product forms (17) and (20), we get a
relation between the (modified) Zak transforms of the and-
ysis and the synthesis window:

T§ (t,w; T)w"™(t,w; T) = 1. (21)

After subgtituting from the modified Zak transforms
g (t,w; T) and @'(t,w; T) [cf. Eq. (16)] and performing a
Fourier transformation on both sides of this equation —asis
usually donefor rectangular sampling—itisnot too difficult
to show that the relationship

T i g(t+mT)w* (t+ (m+E)T) (=)™ =6 (22)

m=—0oQ

holds. The latter result is the counterpart of the biorthogo-
nality expression (4), but now for a quincunx sampling ge-
ometry.
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