Evolution of the vortex part of the orbital angular momentum

in separable first-order optical systems
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Wigner distribution

The Wigner distribution W (z, u; y, v) represents partially
coherent light in a combined space/spatial-frequency do-
main, the so-called phase space.

Wigner distribution moments

With E = [[[[ W(z,u;y,v) dedudydv the total energy
of the light, we define the normalized moments ppq-s as

Ppgrs B = //// W (z,u; y,v)xPuly"v’dedudydv.

The ten second-order moments are usually combined into
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Orbital angular momentum
The OAM A of an optical beam can be expressed as

A = 11001 — Hot10-
The asymmetrical part A, and the vortex part A, read
Ao = [(12000 — 10020) (K41001 + Ho110)

— 2p1010(f1100 — Hoo11)]/ (12000 + H0020)
Ay = 2T /(p2000 + 110020)5

respectively, with 7" — the optical twist — defined as

T = poo20/1001 — 1200040110 + 1010 (L1100 — Hoo11)-

Moments evolution in separable systems

The input-output relationship of a separable system reads

Wout(z, u; y,v) = Widzx — byu, —c2@ + azu;
dyy — byv, —cyy + ayv),

with ayd; — byc, =1 and a,d, — bycy = 1.
The input-output relationship for the moments reads
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For Fourier transformlng systems we have T°"|,, =
by T, T t|FTy = by T}, and T°“t|FTz = byby Ty, W|th

Ty = poo20/0101 + Ho200441010 — Ho110(f1100 + foo11),
Ty = [0002/11010 — 42000440101 + M1001(M1100 + ,Uoou)a

Ty = Moo02/0110 + H0200/41001 — o101 (#1100 — Hoo11)-

Evolution of twist and vortex part of OAM

The OAM A°U! at the output of a separable system reads

AUt = H1001 (azdy - bycz)
+ po101(bzdy

- MOllO(aydz - bmcy)
- bydx) + MlOlO(azcy - aycx)a

while the output twist takes the form
T = agayT + ayby Ty + azbyTy + byby Ty,

We further need the expression

a2 112000 + 202z 1100 + b2 110200
+ azﬂoozo + 2ayby o011 + bf,uoooz

out out __
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We conclude that the evolution of the vortex part A,
depends only on a,, ay, b;, and b,.

Special case: isotropic systems

For an isotropic system we have A°'t = A; this does not
hold for A, and A,. We have (with p = b/a)

A = Ay(p) = 2[T + p(Ty + Tyy) + p* Ty
X [(p2000 + H0020) + 2p(p1100 + Hoo11)
+ p? (110200 + Hooo2)] ™

e For the special signal satisfying

T - T+T, Tay
2(p1100 + Hoo11)

2000 + 10020 o200 + /u00027

we have A%"* = A,. This holds in particular for rotation-
ally symmetric beams: A, remains zero.

e Between conjugate planes (b= 0): A"t = A,.

e Optical systems with the same p behave similarly with
respect to the evolution of A,.

e One can find the values of the parameter p where A, (p)
is zero, or has maxima or minima. Note that, while the
denominator is positive for all possible values of p, the
numerator — and therefore A,(p) itself — may or may
not change its sign (but not more than twice) depending
upon the actual values of T', T, + T}, and 17,

o p = {—(Tu+T))£[(T+T,)?—4TTy, )" /?} /2T, yields
Ay(p) = 0, and since p has to be real, this is possible
only if the condition (1}, + T})* > 4TT}, holds.



